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Introduction

Rainfall is one of the most important climatic variables affecting ecological and economic
systems and water resource management; understanding its temporal behaviour is therefore a
key factor in planning and decision-making [1]. Rainfall time series are characterised by marked
inter-monthly variability and the potential for recurring seasonal patterns; this makes the
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development of statistical models capable of capturing both temporal dependence and seasonality
a key issue in applied studies [2] [3].

The research problem lies in the difficulty of representing monthly and seasonal variations
in rainfall within a single statistical model, and the need to identify a suitable structure for a
seasonal model that can describe the series and be used for forecasting. The challenge lies in
determining the need for normal and seasonal components, selecting the orders of the non-
seasonal and seasonal components, and then verifying the model’s suitability and its ability to
make out-of-sample predictions.

The study aims to analyse the statistical and temporal characteristics of monthly rainfall at
the Central Park station, verify the presence of seasonality and stationarity suitable for analysis,
then to estimate candidate SARIMA models and select the best model based on information
criteria, residual analysis and forecast accuracy measures, and to use the final model to produce
future forecasts.

The study is based on the hypotheses that the monthly series contains measurable seasonal
variations[4] [5], that the seasonal component may be necessary to obtain a stationary series, that
a suitable SARIMA model can represent the time structure of the series and produce forecasts of
acceptable accuracy[6], and that the residuals of the best model do not exhibit statistically
significant autocorrelation[7].

The general form of the model
SARIMA(p,d,q)(P,D, Q)
The mathematical formulation of the model is therefore
®p(B*)¢p(B)(1 = B)*(1 = B*)Y; = 04(B)°0,(B)e; (1)

Methods

The methodology of the study comprises a series of sequential stages, beginning with a
descriptive and exploratory analysis of the data, followed by an examination of stationarity and
the use of autocorrelation and partial autocorrelation functions to identify possible model
structures, followed by the estimation of a set of SARIMA models and their comparison using
criteria such as AIC and BIC, whilst conducting the necessary diagnostic tests on the residuals.
Once the most appropriate model has been identified, its predictive ability is assessed using
independent test data and metrics such as MAE, RMSE and MASE, after which the selected model
is used to generate future forecasts.

The theoretical aspect of the SARIMA model

The SARIMA model is an extension of the ARIMA model designed for time series that
include a seasonal component. It consists of a non-seasonal component, determined by the orders
p, q and d, and a seasonal component, determined by the orders P, D and Q, whilst S determines
the length of the seasonal cycle[8].

The general form of the model is

SARIMA(p,d,q)(P,D, Q)

Where

p: the order of the non-seasonal autoregressive (AR) component.
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d: the number of times the non-seasonal difference is applied to stabilise the series.
q: the order of the non-seasonal moving average (MA) component.

P: the order of the seasonal autoregressive component.

D: the number of times the seasonal difference is applied to stabilise the series.

Q: the order of the seasonal moving average component.

s: the length of the seasonal period.

The displacement and difference effects[9].

BY: = Y1 (2)
Where:
B: the lag term.
Y_t: the value of the series at time t.
k: the number of lags.
VY, = (1 - B)Y,
VY =Y =Y

V.Y, = (1 - BYY,
V¥t = Y5 (3)
d represents the number of non-seasonal differences required to achieve stationarity, whilst
D represents the number of seasonal differences required to remove the instability associated with

the seasonal cycle. In the case of the present study, the seasonal difference is of the first order, i.e.
D=1 and S = 12; therefore:

(1 - BlZ)Yt =Y — Y12 (4)
The autoregressive component and non-seasonal moving averages

The autoregressive component is based on the previous values of the series, and the model
is of order p, given by: [10]

Vi=c+ 01V 1+ @Y 5+ -+ 0,V +& (5)
The autocorrelation component in the form of a shift term is given by:
®(B)=1-0,B - Q)zBZ -t Q)po (6)
Where
c: the model constant.
Q_i: the autoregressive coefficients.
p: the order of the AR model.
¢_t: the random error at time t

Whilst the moving average component depends on the current and previous errors, the
MA(q) model takes the form [11]

Yt = u + &t + 9181:_1 + 9281‘—2 + -+ Hqgt—q (7)
It takes the form of a displacement operator as follows:
6(B) =1+ 6,B+0,B>+ -+ 6,B9 (8)
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The orders q and p are selected based on the behaviour of the ACF and PACF and the other
model selection criteria [12]

Autoregressive and Seasonal Moving Average Components

The seasonal component AR is based on previous values occurring at multiples of the
seasonal period s, and its general form is as follows: [13].

®p(BS) =1 — ®,B5 — ®,B% — ... — d,BPS (9)
Where:
P: Order of the seasonal AR model.
®i: Seasonal AR coefficients.
BS: Shift equal to one full season.
s: Length of the seasonal period.

The seasonal moving average component measures the influence of past errors at seasonal
shifts, and its formula is as follows: [14].

0y(B®) =14 0,B° + 0,B* + -+ 0,B% (10)
Where
Q: Seasonal MA order.
®i: Seasonal MA coefficients.
BS: Seasonal shift.
s : Season length.
General Form of the Model

Having identified all the components of the model, the general form of the model is as
follows: [15] [16].

®p(B%) by (B)(1 — BYA(1 — B)PY, = 04(B)*6,(B)e, (11)
Where
®r (B”s ): seasonal autoregression.
¢®p (B): non-seasonal autoregression.
(1-B)%: non-seasonal difference.
(1-B#)P: seasonal difference.
Oq (B)*: seasonal moving averages.
04 (B): non-seasonal moving averages.
e the random error at time t.
4. Data description and analysis methodology

The study was based on monthly precipitation data from the NY City Central Park station
in New York City, covering the period from January 1980 to December 2025.

The dataset consists of 552 consecutive monthly observations, and the annual season length
for the monthly data is 12 months. The data were divided into a training sample spanning
January 1980 to December 2022 and a test sample spanning January 2023 to December 2025, in
order to assess the model’s predictive ability on out-of-sample data.
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Description of the data and analysis methodology

The study was based on monthly precipitation data from the NY City Central Park station
in New York City, covering the period from January 1980 to December 2025.

The dataset consists of 552 consecutive monthly observations, and the annual season length
for the monthly data is 12 months. The data were divided into a training sample covering the
period from January 1980 to December 2022 and a test sample covering the period from January
2023 to December 2025, in order to assess the model’s predictive ability on out-of-sample data.

n = (2025 —-1980 + 1) x 12 = 552 (12)
s =12
Statistical analysis of the data

The statistical analysis included a descriptive analysis of the time series, an examination of
the mean, standard deviation and variance, and an analysis of the monthly means to identify
seasonal patterns. Tests were carried out to determine whether there were differences between
months, and stationarity was examined using the ADF and KPSS tests after applying seasonal
adjustment where necessary. Subsequently, the autocorrelation function (ACF) and partial
autocorrelation function (PACF) were used to generate candidate models, The models were then
compared using AIC and BIC, the residuals were assessed using the Ljung-Box test, and finally,
predictive ability was evaluated using MAE, MASE and seasonal RMSE.

Descriptive statistics

The descriptive analysis showed that the mean monthly rainfall was 105.75 mm, whilst the
median was 97 mm and the standard deviation was 60.95 mm; the range was 3,714.91, with values
ranging from 0.3 mm to 481.3 mm. The coefficient of variation was 57.64 per cent, indicating a
significant level of variability in the monthly series.

Table 1: Descriptive statistics for the data

The Scale Value
Number of observation 552
Mean 105.75
Median 97
Standard Deviation 60.95
Variance 3714.91
Minimum 0.3
Maximum 481.3
Coefficient of variation 57.64%

Analysis of Seasonality

The monthly averages showed a clear variation in precipitation levels; the average for
February was the lowest at 79.01 mm, whilst July recorded the highest monthly average at 123.23
mm, followed by August at 118.31 mm. To verify the significance of the differences between the
months, the Kruskal-Wallis test was used. The test statistic was H = 21.94 with P = 0.0248, which is

Volume: 3 | Number: 4 (2026) 14 American Journal of Integrated STEM Education


https://publishingjournals.org/stem

https://publishingjournals.org/stem

less than 0.05. This provides statistical evidence of differences between the months and justifies
examining the seasonal component in the forecast model.
H=[12/(N(N + 1))] X (R} /n;) = 3(N + 1) (13)
Table 2: Monthly average rainfall (mm)
The Month Average rainfall (mm)

January 90.63
February 79.01
March 111.83
April 113.36
May 108.16
June 105.24
July 123.23
August 118.31
September 110.55
October 108.38
November 95.31
December 105.01

Stability and Autocorrelation Tests

The ADF test on the original series yielded a significant negative value of —21.538 with P <
0.001, indicating that the hypothesis of a unit root in the original series was rejected. However, a
further test was conducted for seasonal variation; for the seasonally adjusted series, the ADF
value was —10.158 with P < 0.001, whilst the KPSS value was approximately 0.02198 with P > 0.1,
supporting the stationarity of the series following seasonal adjustment.
AY; =a+ B +yY; — 1+ Y 6;AY; — i + & (14)
Hy:y =0
Hi:y <0
As for the autocorrelation function, it showed a weak correlation at the first lag (0.0849),
and the correlation at a 12-month seasonal lag was also very weak (0.0042). For this reason, the

model specification was not determined based on the ACF and PACF alone; rather, these
indicators were combined with information criteria and out-of-sample evaluation.

pk =3[ =¥ —k -]/ XY — Y )? (15)
Model building and selection of the best model

After examining the characteristics of the time series, a set of seasonal models of varying
orders was estimated, with a focus on those models that achieve an acceptable residual fit and
good predictive ability. The comparison included models with different values for P and q, with
seasonal components P and Q. The need for the seasonal difference D was also examined, and the
comparison showed that models with D =1 achieved better informational and predictive fit than
the main alternatives with D =0.
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AIC = =21In(L) + 2k (16)

BIC = =21In(L) + kIn(n) (17)
Table 3: A set of seasonal models of various orders.

The Modle AIC BIC MAE RMSE Liung-Box p(12)
SARIMA(0,0,0)(0,1,1)4, 5606.81 5615.26 48.62  66.23 0.094
SARIMA(0,0,1)(0,1,1)4, 5605.97 5618.64 48.52 66.2 0.465
SARIMA(1,0,0)(0,1,1)4, 5605.76 ~ 56.18.43 48,53  66.21 0.525
SARIMA(0,0,1)(1,0,1),, 575226  5769.24  48.27 66.3 0.475

Although the SARIMA(1,0,0)(1,0,1)12 model achieved a lower MAE in the test sample, the
D=1 models achieved a significantly lower AIC, Furthermore, the SARIMA(0,0,1)(0,1,1)12 model
achieved the lowest RMSE amongst the main models with acceptable residuals; in addition, the
Ljung-Box test did not indicate any residual autocorrelation. Based on a balance between model
fit, forecast accuracy and residual analysis, the SARIMA(0,0,1)(0,1,1)12 model was adopted as the
final model.

The estimated equation for the final model

Following analysis of the study data, the SARIMA(0,0,1)(0,1,1)12 model was selected, that is,
§$=125Q=15D=15P=05q=15d=05p=0
The equation then becomes
(1-B*¥)Y, =(1+6,B)(1 + 0,,B™)¢g, (18)

When the selected model was re-estimated using the full time series for the period 1980-
2025, the value of the first-order non-seasonal moving average coefficient 6" was 0.0713, whilst the
value of the twelfth-order seasonal moving average coefficient &: was -0.9984, The small value of
the non-seasonal moving average coefficient indicates the limited impact of short-term shocks
from the previous period, whilst the high absolute value of the seasonal coefficient reflects the
significance of the annual seasonal component in the model’s time structure. When estimated on
the training sample, the p-value for the MA(1) coefficient was approximately 0.0598, which is
slightly greater than the 5 per cent significance level, indicating that its individual significance
was marginal, whilst the seasonal coefficient was statistically significant at the 5 per cent level.
However, model selection was not based solely on the significance of individual coefficients, but
rather on a combination of model selection criteria, out-of-sample forecasting performance, and
residual diagnostics, including the Ljung-Box test.

Substituting the value of the first-order non-seasonal moving average coefficient and the
twelfth-order seasonal moving average coefficient into Equation (18) yields

(1 — B'2)Y, = (14 0.0713 B)(1 — 0.9984 B'2)¢, (19)
Model Diagnosis and Residuals

The residuals from the final model were examined to verify the absence of any residual
temporal structure that could be modelled, using the p-values at lags 12, 24 and 36 were
approximately 0.465, 0.226 and 0.326 respectively, all of which are greater than 0.05, indicating no
statistical evidence of residual autocorrelation in the residuals. In contrast, the Jarque-Bera test
revealed non-normality in the residuals, which is to be expected in rainfall data that contain
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outliers and high values; therefore, the forecast horizons must be interpreted as approximate
within the model’s assumptions.

(20)€t == Yt - ?t

~2
Q(h) = n(n+2) Tioy o5 (21)
Ho:py =py=-=pp=0

I3

H,:There is autocorrelation in the residuals

Table 4: Results of the final model residual analysis

The Test Value Interpretation
Ljung-Box(12) p =0.456  There is no significant autocorrelation
Ljung-Box(24) p =0.226  There is no significant autocorrelation
Ljung-Box(36) p =0.326  There is no significant autocorrelation
Jarque-Bera p <0.001  The residuals are abnormal

Discussion

After finalising the model, the period 1980-2022 was used for the initial estimation and
out-of-sample evaluation over the period 2023-2025, after which the model was re-estimated over
the entire 1980-2025 time series to produce future forecasts. Accuracy was assessed using MAE,
MASE and seasonal RMSE, with lower values of these metrics indicating improved predictive
performance.

?t+h|t = E(Yeqnlle) (22)
where

I;: the information available up to time t

MAE — Y Y =7
n

RMSE = (1/n)Z(Yt — )2

MAE
MASE =

1
n—1 Z?:z |Yt - Yt—ll

The MAE on the test sample was 48.52 mm, and the RMSE was 66.2 mm, whilst the
seasonal MASE was 0.749; a MASE value of less than one indicates that the model achieves a
lower mean absolute error than the seasonal reference forecast based on the value from 12 months
previously.

Vi £ 1.96 SE(Vpip)

Forecasts covering a 12-month period from January 2027 to December 2027 have been produced.
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Table 5: 12-month rainfall forecasts (January 2027 to December 2027) and the upper and lower limits of rainfall
amounts

Year Month  Expected value (mm) Minimum limit (mm) Maximum limit (mm)

2027  January 90.59 0 210.28
2027  February 79 0 198.69
2027  March 111.82 0 231.5

2027 April 113.35 0 233.03
2027 May 108.15 0 227.84
2027 June 105.22 0 22491
2027 July 123.23 3.54 24291
2027  August 118.31 0 237.99
2027 September 110.54 0 230.23
2027  October 108.37 0 228.06
2027 November 95.29 0 214.97
2027 December 104.95 0 224.63

These forecasts are contingent upon the persistence of the temporal and climatic patterns
observed during the study period.

Conclusion

The study showed that the rainfall series at the City Central Park station for the period
1980-2025 is characterised by significant variability, with a mean forced precipitation of 105.75
mm and a coefficient of variation of 57.64 per cent.

A stationarity test indicated that the series is suitable in terms of its general characteristics,
and that the first-order seasonal difference with a season length of 12 months provides an
adequate representation of the seasonal structure used in the model.

The SARIMA (0,0,1)(0,1,1)_12 model was adopted following a comparison of several
seasonal models, an analysis of the residuals, and an out-of-family performance assessment.

The model achieved an MAE of 48.52 mm, an RMSE of 66.2 mm, and a seasonal MASE of
0.749.

The Ljung-Box test showed no residual autocorrelation at lags 12, 24 and 36, which
supports the validity of the model in terms of the residual time series structure, whilst noting that
the residuals do not follow a normal distribution well.

The model produced monthly forecasts for the period January 2027 to December 2027,
which can be used as a statistical baseline for planning and analysis, whilst taking into account
the uncertainty in the forecast.

The researcher recommends conducting a future comparison between SARIMA and hybrid
models or machine learning algorithms, using the same test period to ensure a fair comparison.
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When using forecast periods in practical applications, it should be borne in mind that the

limits resulting from Gaussian rounding may be negative; it is therefore recommended to use
methods or transformations specific to positive variables.
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