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Abstract: This paper introduces a new graph associated with a subgroup of a finite group, whose
vertices are the two-element subsets of the subgroup satisfying the prescribed condition, while
adjacency is defined by a new relation between these subsets. The proposed graph provides a novel
combinatorial model for studying subgroup structures from the perspective of algebraic graph
theory. A connection between the proposed graph and the g-noncommuting graph introduced by
Olue, Erfanian, and Jafarzadeh is established by proving that the connectivity of the proposed graph
implies the connectivity of the corresponding g-noncommuting graph, whereas the converse does
not hold in general. A counterexample is presented to demonstrate this fact. Finally, the proposed
graph is applied to the dihedral group, and its main graph-theoretic properties are determined.

Keywords: Non-Commuting Graph, Derived Subgroup, Dihedral Group, Diameter, Girth,
Connected Graph

1. Introduction

Algebraic graphs constitute an important area of research that combines graph theory
with algebraic structures such as groups, rings, and semigroups. These graphs provide
useful tools for studying algebraic properties through combinatorial techniques and have
attracted considerable attention from many researchers. In recent years, the authors have
contributed to this area through several studies concerning graphs associated with
algebraic structures and their topological and graph-theoretical properties [1]-[14]. Among
the most extensively studied algebraic graphs is the non-commuting graph of a group,
introduced by Abdollahi, Akbari and Maimani in 2006 [1].

This graph has become an important tool for investigating the structure of non-
abelian groups and has inspired numerous generalizations and related constructions. In
2014, Tolue, Erfanian and Jafarzadeh introduced the (g)-noncommuting graph associated
with a fixed element (g) of a finite group[6]. This construction generalized the classical non-
commuting graph by incorporating a distinguished group element into the adjacency
relation [15]. Later, several properties of these graphs were investigated by various authors.
In particular, Nasiri, Erfanian, Farawi and Muchtadi-Alamsyah studied graph associated
with a fixed element and a subgroup of a group and established several properties of this
graph [10].
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2. Materials and Method

Motivated by the above developments, we introduce and study a new type of non-
commuting graph associated with a fixed element and the derived subgroup of a group.
Unlike the previously known constructions, the vertices of our graph consist of pairwise
disjoint binary subsets rather than individual group elements. The adjacency relation is
defined through the fixed element and the derived subgroup, producing a graph that
captures new algebraic information about the underlying group. We investigate several
fundamental properties of this graph and establish connections between its graph-
theoretical characteristics and the structure of the underlying group.

In this paper, we investigate the relationship between the proposed graph §¢ and the
g-noncommuting graph (I¢). In particular, we prove that the connectivity of 65 implies
the connectivity of (T7), whereas the converse does not hold. We then examine the role of
the center of the group in the structure of §¢ and show how it affects fundamental graph
invariants, including the diameter and the girth. In addition, we determine the vertex
degrees of §7. Finally, we apply the proposed construction to the dihedral group to
illustrate the obtained theoretical result.

3. Results and Discussion

This section introduces a new class of non-commuting graphs based on properties of
derived subgroup, fixed element and the disjoint two elements sets of a group, providing
illustrative examples to help highlight the features of this type of graph. We then review a
number of key properties associated with the proposed graph. 8.

Definition [2.1] Let G be a finite non-abelian group and let K = {4, 4,, ..., A,,} be a
family of pairwise disjoint two element subsets.We define the graph which is denoted by
8y as follows, taking V(8¢) = K a set of vertices and tow vertices 4;, A; are adjacent if and
only if for every a; € A; and a; € A; such that g, g™ € (< a;,a; >), where g € G

Example [2.2] Assume G = Dg = {r,s:1* = ¢,s*> = esrs =r"1}

=e,r,12,713,5,57,51% 513, choose g =rand K = {4, = {e,r}, 4, = {r?, 73},

As = {s,rs},A, = {r?s,r3s}} then &% as follows (see figure 1)

A4

As

Figure 1: &7

Remark [2.3] We can see that |[(< a;, a; >)'| < 4 for a; € A; and a; € A;. If A; - Aj then
9,97 € (< a;,a; >)" and this indicates that for every a; € A; and a; € 4; is adjacent in the
graph I. because la;, a;] # g and g~' Also, if a; = a;Vi and j, then A; ~ A; otherwise A;
—/ Aj

Lemma [2.4] Let 4; be a sub set of order 2 of a group G then Y is connected if 57 is
connected, but the opposite of that is not true.

Proof: suppose that 8y is connected graph and let a;, a; are two arbitrary vertices of
I7, then we have the following cases:
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casl: a;,a; € A;, since 8y is connected, so there is A, such that 4; —~ A, and this find a path
between a; and a;
Case2: a; € A; and a; € 4, if A; -~ A;j then by Remark[1.3] a; - a;, if A; -/ A; and since 54
is connected so there is a path between 4; and 4; as follows
A= Ay, = Ay, == A, = A
and this given that
A~ Ay, > Ay, = Ay > G
and the proof is complete.
In the reverse direction we can given the following example let G = D, and g = r?, it is
clear that TY is connected graph, but the graph §¢ where
V(6 = {{e,r}, {r3, 3}, {r*, s}, {rs, r%s}, {r3s, r*s}} this graph is not connected because
{e,r} is not adjacent with any vertices.
Theorem [2.5] Assume G is a group such that |Z(G)| = 2 and g non identity element
of G then:
(1)87 is connected graph where it's contain center of G as a vertex.
(ii) girth(6¢) = 3 where it has a vertex with degree 2.
(iii) diam(6¢) < 2.
Proof (i) Since Z(G) is a vertex and g is non identity element, Z(G) is adjacent with
all vertices of &7
(ii) Let A; be a vertex of degree 2, thus there exists a vertex A4; adjacent with 4; and we
have the vertex Z(() is adjacent with all elements, so this given the following cycle

A; = Aj - Z(G) - A
So the result holds.
(iii) If the graph &7 is complete, then every pair of distinct vertices is adjacent. Hence, the
distance between any two vertices is equal to one, and therefore diam(8g) = 1 Otherwise,
let A; and A; be two nonadjacent vertices. By the definition of the graph, each vertex is
adjacent to the center (Z(G)) of the group. Consequently, there exists a path

A~ Z(G) - 4

of length 2 joining A; and 4;. Thus, diam(6y) <2 Since A; and 4; are arbitrary
nonadjacent vertices, it follows that every pair of vertices is connected by a path of length
at most (2). Therefore, the result holds.

Lemma [2.6] Assume 4; is a vertex of §¢ then
i) If g2 # 1, then deg(4;) = |V (62)| — n|Cy,(a)| where n = 1if a; is a conjugate to a;g or
a;g " but not both and n = 2 if q; is conjugate to a;g and a;g*
(ii) if g? = 1 and g # 1, then deg(4;) = |V (62)| — |CA].(al-))| - 1.
(iii) if a;g and a;g~* are not conjugate a; then deg(4;) = |V (62)| — 1.
Proof: We know that deg(4;) = |V(6Ifi)| —|Ajigor g7t € (< a;,a; >)'|, itis clear that
where g or g~! € (< a;,a; >)’, then there exist [a;, ;] such that [a;,a;] = g or g~" and this
means that 4; is not adjacent to A; when [a;,a;] = g = al.aj = a;g, so every vertex has
above condition is not adjacent with 4;. Thus a?j = a?" it's holds when a; a;* €C ymen;
there for there exist |Cy, (a;)| elements dose not join 4; so;
i) If a; and a;g are conjugate, then |a; € Ay: a?j = a;g| = |Cy, (a)], also, if a; and a;g~! are
conjugate then, |a; € A: a?j =a;g7 1 = |C4;, (a))]. Therefore deg(A;) = V(s -
n|Cy, (a;)| wheren = 1 or 2.
ii) If g2 = 1 and g # e then g = g, so we have a; conjugate of g and ii) holds.
iii) If ;9 and a;g~* are not conjugate to a; then |C, 4,(a)| = 0, thus the proof is complete.
Structural Properties of the Derived Subgroups Associated with the Graph &% on D5,

The structural properties of the derived subgroups generated by pairs of elements in
the dihedral group D,, play a fundamental role in the study of the graph §. In this section,

Central Asian Journal of Mathematical Theory and Computer Sciences 2026, 7(4), 413-417. https://cajmtcs.casjournal.org/index.php/CAJMTCS


https://cajmtcs.casjournal.org/index.php/CAJMTCS

416

these properties are established and employed to characterize the adjacency relation and
derive the main results of the graph.
lemma [3.1][6] Let D,, = (r,s | " = e, s? = e, srs =r1), where n is even, and let
H = (x,y) for some x,y € D,,.Then H' < D;,, = (r?). Moreover,
{e}, if H is abelian,

H =1 .4 n
, d]=.

Remark [3,2] Let G = D,,, , then the number of vertices of the graph 8y, is g .

lemma [3.3][6] Let x,y € D,,,.

Then exactly one of the following holds.
Ifx =rf, y =1/, then ((x,y))’ = {e}.
2)If x =14, y =1/s, then ((x,y))" = (r??),where d = gcd(i, n).
3)If x = ris, y = 1/s, then ({(x,y)) = (r??), where d = gcd(i — j,n).
corollary[3.4] Let g € D,,,.If g & (r?), then g,g~* & ({x,y))’ for every pair x,y € D,,.So 5
is complete graph.
Proof: Assume that 4; and A; are two arbitrary vertices of &%, if A; is not adjacent with 4;,
then g or g~! €< [a;, a;] >, so there exist [a},aj] = g or g7*, thus a; is not adjacent with a;
in Ty And this contradicts the fact that T [,qzn is complete graph where g € D,,,.
Theorem [3.5][Adjacency Criterion]
Let G = Dy, and let K = {4, A,, ..., A,,} be a partition of D,,, into pairwise disjoint two-
element subsets, for a fixed element g € D,,, and for distinct vertices 4; and A;.Then 4; ~
A; if and only if ({x,¥))' N{g,9™'} = @ for every x € A; and every y € 4;.

Proof Suppose that A; ~ A;. By the definition of 57, we have g, g™* & ((x, y))’ for every
x € A; and every y € A;. Hence, ({x,¥))' n{g,97'} =2 for all such pairs. Conversely,
assume that ((x,y))' N {g,g~'} = @ for every x € A; and every y € A;.Then neither g nor
g~ ! belongs to ({x,y))’ for any choice of x and y. Therefore, by the definition of the graph,
A; ~ A;. Thus, A; ~ A; & ((x,¥))' n{g,g9™'} = efor every x € A; and every y € 4;.

4. Conclusion

In this paper, we introduced a new graph associated with a fixed element and the
derived subgroup of a group, whose vertex set consists of the two-element subsets of the
underlying group. This construction extends the existing framework of algebraic graphs
by incorporating binary subsets and the derived subgroup into the adjacency relation.

Several structural properties of the proposed graph were established. In particular,
we investigated its relationship with the corresponding g-noncommuting graph and
proved that the connectivity of the proposed graph implies the connectivity of the
associated g-noncommuting graph, whereas the converse is not valid in general.
Furthermore, the influence of the center of the group on the graph structure was analyzed,
and fundamental graph invariants, including vertex degrees, diameter, and girth, were
determined. The theoretical results were illustrated through their application to the
dihedral group D,,.

The proposed construction provides a new approach for investigating finite groups
through graph-theoretic techniques. Future work may include extending this graph to
other classes of finite groups and studying additional graph invariants and algebraic
properties arising from this construction.
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