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Abstract: In classical and operator topological spaces, the concept of ideal convergence has been
widely studied by many authors since 1933. In this work, we extend the notion of ideal convergence
to bi-operator topological spaces equipped with T;and T,. We introduce the Ty, by extending a
previous one-operator work. We establish fundamental properties and examine the relationship with
the classical ideal convergence. Furthermore, we will study the connection between one and bi-
operator ideal convergence. We also provide an inclusion to show that bi-operator ideal convergence
represents a strict generalization of bi-operator. This study results in a framework that shows the
underlying relation and interaction of the bi-operator with ideal convergence.

Keywords: T-I-open set, T;,-I-open set, T-I-convergence, T;,-I-convergence, T-I-sequentially
open, Tj,-I-sequentially open, T-I-sequentially space, and T;,-I-sequentially space

1. Introduction

Urban Kuratowski introduced the concept of an ideal on a set X in his seminal 1933
work [1]. He defined it as a non-empty family I of subsets that remains closed under finite
unions and stable under taking subsets. If a set belongs to I, its subsets must too. Over the
decades, this elegant framework has deeply influenced general topology, serving as a
cornerstone for modern structural analysis [2]-[12].

We introduce a new class (X,t, Ty, T,,I) be an ideal bi-operator topological space
where T;, T, are operators associated with the topology t on X.

Layth M. introduced the notion of a contra- Ty, bi-operator topological space [13].
More recently, Zhou et al. employed the ideal I of the set of natural numbers N to formulate
the concept of I-convergence [3]. Motivated by these developments, this work extends
these ideas within the framework of operator topological spaces. We define the notions of

Tj,-I-open sets and Ty,-I-convergence on T*-open sets, and investigate their basic
properties. Furthermore, additional results concerning T;,-I-sequential convergence are
established [14], [15].

2. Ti,-I- convergence definitions and properties

We first introduce some important concepts and definitions,

Definition (2.1): A non-trivial ideal I € N is said to be admissible & {{n}:n € N} € L.

Definition (2.2): [10] Let (X, t) be a topological space, an operator T is a function
T:P(x) » P(x) st VA €1,ACS T(A). Note that the triple (X, 7,T) is called an operator
topological space.
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Definition (2.3): [12] Let (X, t) be a topological space and let T;, T, be two operators
associated with the topology t on X then (X, t, Ty, T,) is called a bioperator topological
space.

Definition (2.4): [10] [11] Let (X, T, T) be an operator topological space, let A € X
1. Ais called T-open if given x € A, then there exists V € T there exists x € V €T (V) € A.
2. Aiscalled T*-open if A €T (A) (A is not necessarily open).

Definition (2.5): [12] Let (X, 1, Ty, T,) be a bioperator topological space and let A € X.
The set A is said be a Ty;-open if A € T; (4) U T, (A4), The complement of Tj,-open is called
T;,-closed for

Definition (2.6): Let (X,1,T;, T,) be a bioperator topological space, A € X and x €
X.Then the set A is called
1. A neighborhood of x & 3 B anopenset3 x € B c A.

2. A T-neighborhood of x & 3 B a T-openset3x EB C A
3. A T"-neighborhood of x & 3 B a T*-openset3x E B C A
4. A Tf,-neighborhood of x < 3 B a T{5-open set 3 x € B c A.

Lemma (2.1): Let (X, 7, Ty, T,) be a bioperator topological space, then the following is
satisfied,

1) Every T-open set is T;,-open set.
2) Every T-open set is open set.

3) Every open set is Tj;-open set.

4) Every T*-open set is Tj,-open set.

Definition (2.7): [12] Let (X, T, Ty, T,) be a bioperator topological space, and A c X. Then
A is said to be a Ty,- open if :

T,(A) = Cl (Int (A)),

T, (A) = Int (CI(A)),

Then, A € Cl (Int (A)) U Int (CI(A)),

this is the definition of b-open set.

Notice that every T;-open (T;-open) is Ty,-open because if A is T-open then A € T,
(A) €T, (A) UT, (A), so A will be Ty, -open.

Definition (2.8) : [1] Let (X, 7) be a topological space and I € N be an ideal. A sequence
{x,}, n € N is identified as I-convergent to a point x in X, if there exists a neighborhood V
of x with 4, = {n € N: x,, € V} €1, and is denoted as I-rlli_r)rolo Xy = X.

Definition (2.9) : [1] (X,7,T,I) be an ideal operator topological space and I S N. A
sequence {x,}, n € N is identified as T-I-convergent to a point x in X, if there exists a T-
neighborhood V of x with 4, = {n € N: x,, € V} € ], and is denoted as T- I—rlli_r)rc}o Xy = X.

Definition (2.10) : (X, 1, Ty, T,,I) be an ideal bioperator topological space and I € N. A
sequence {x, }, n € N is identified as Tj,-I-convergent to a point x in X, if there exists a Ty,-
neighborhood V of x with A, = {n € N: x,, € V} € ], and is denoted as Tl*z-l-rlli_r)rol0 Xy = X.

Lemma (2.2): Let (X,t, T, T,,1) be an ideal bioperator topological space, then the
following is satisfied,

1) T-I-convergence implies I-convergence
2) T-I-convergence implies Ty,-I-convergence
3) I-convergence implies T;,I-convergence

Proof (3): Assume I-convergence, implies there exist A be an open set of X, 1, T, T, D),
with Tf,-I-convergence sequence {x,} to point x,such that {n € N:x, € A} €l . by
Lemma(2.1)(3) A is also Ty,-open set. Then {x,,} is a Ty,-I-convergence by Definition (2.10).

Similar proof follows for (1) and (2) using Lemma (2.2) as well as Lemma (2.1).

Lemma (2.3) : As every open set is a Tj,-open, we verified that Tj,-I-convergence
implies I-convergence.

If we would like to find an equivalent between them, (X,t,T;, T,,I) should be a
topological space with 7 be the
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discrete topology. If 7 is the discrete topology, every open set is a closed set and
conversely. Let Abe a

Tf,-open set, then

A € Cl(Int (A)) Ulnt (CI(A)),

A S Cl(A) Ulnt (4),

Ac AUA,

A=A

And A is a subset of (X, t) therefore if we have a sequence {x} which is I-convergent,
{x} must

be Ty,-I-convergent.

Definition (2.11): Let (X, T, Ty, T,, I) be an ideal bioperator topological space and an ideal

[ € N. Then:
1) B c X is called Ty,-I-closed if for each sequence {x,}in B with Tj,-I-lim x, = x € X.
n—oo
Then x € B.

2) B c Xis called Ty,-I-open if X — B Ty,-I-closed.

Lemma (2.4): Let (X, 1, Ty, T,,I) be an ideal bioperator topological space, and an Ideal
[cN.

If a sequence {x,}is T;,-I-convergence to point x € X. Then any other sequence in X
with n € Iis Tj,-I-convergence to same point x.

Proof: Let {y, } another sequence in X, s.t., x,, # y,, n € I. For each T;,-neighborhood A
of x with,

meNy, ¢A}c{neNx, #y,JU{neN:x, ¢ A} el
={MneN:y, ¢A}el

Hence, by Definition (2.8) {y,} is Tj5-I-convergence to same point x.

Lemma (2.5): Let (X, 7, Ty, T,,I) be an ideal bioperator topological space, and an Ideal
IS]JcN. If a sequence {x,}is Ty,-I-convergence to point x € X.Then, it is Ty,-J-
convergence to x.

Proof: Let {x,} be a Ty,-I-convergence to point x € X. By Definition (2.8) for each Tj5-
neighborhood 4 of x,

fneN:ix, ¢ A}elc]

Implies {n € N: x,, ¢ A} €], hence, {x,} is T},-J- convergence to x.

Lemma (2.6): Let (X, T, Ty, T,, I) be an ideal bioperator topological space, and two Ideals
I €] c N. If A € X is T{,-I-open. Then it is Ty,-J-open.

Proof: Suppose A € X is Tj,-1-open, hence X — A is Ty,-1-closed, By Definition (2.11) (1)
for every Ty,-I-convergence sequence {x,} in X — A to point x, Then x € X — A4, by Lemma
(2.4) {x,,} is also T}5-J- convergence in X — A to x, implies X — A4 is T;,-J-closed, hence A is
T;,-J-open.

Corollary (2.6): Let (X, 1, Ty, T,,1) be an ideal bioperator topological space, and two
Ideals I €] c N. Then Ty,-I -sequential, then Ty,-J] -sequential.

Lemma (2.7): Let (X, 1, Ty, T,, 1) be an ideal bioperator topological space, an Ideals I
N, and A € X . Then the following are equivalent.

1) Ais Tf,-I-open.

2) For each sequence {x,} in X with is Ty,-I- convergence to x € A, where
{neN:x, €A} el

3) For each sequence {x,} in X with is Tj,-I- convergence to x € A, where
fneN:x, €4} =w.

Proof: (1)= (2): Let A be a Tj,-I-open set in X. And let {x,} be a T},-I- convergence
sequence in X to a point x € A. Let us consider the contrary hypothesis, By Assuming N, =
{neN:x, € A} €], then N, # Nand 4 # X. Let x, € X — A. We define the sequence {y, } in
X, s.t, y, = xo forn € Ny and y,, = x,, for n € N,. By Lemma (2.4), the sequence {y,} is T,-
I-convergence to x. Note that X — 4 is a Tj5-I-closed and {y,,} is Ty,-I-convergence sequence
in X — A, By definition (2.11)(1) x € X — A, and this a contradiction!, Hence N, € I.

(1)= (2): It follows from definition (2.1) the admissible ideal.
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Now to show the (3) = (1) Assume that A is not Ty,-I-open then X — A is T;,-I-closed,
which implies there is {x,,} in X — 4 with is Tj,-I- convergence to x € A and
this contradicts (3) because x,, € A.

3. Tj,- I- sequentially open and Tj,-I- sequentially space

Definition (3.1): Let (X, T, Ty, T,, I) be an ideal bioperator topological space, and 4 c X.
Then A is said to be Ty,-I-sequentially open < no sequence in X — A has Ty,-I-limit in 4,
i.e., a sequence cannot be Ty,-I-converge out of Ty,-I-sequentially close set.

Definition (3.2): Let (X, T, Ty, T,, I) be an ideal bioperator topological space and an ideal
I € N. Then X is called Ty,-I-sequentially space if each Ty,-I-closed set in X is T;,-closed.

Definition (3.3): Let (X, T, Ty, T, 1) be an ideal bioperator topological space. Then, the
space X is Ty,-I-sequentially, For any set A is Ty,-open < it is Ty,-I-sequentially subspace
of X.

Theorem (3.1): Let (X, t, Ty, T,,I) be an ideal bioperator topological space. Every Ty,-I-
sequential space is hereditary with respect to T;,-I-open (Ty,-I-closed).

Proof: Assume that X be an Ty,-I-sequential Space. Let A is a Ty,-I-open set in X. It is
clear that A is T;;-open in X. We need to show that 4 is Ty,-I-sequential open. Let V is Ty,-
I-open in A. We claim that V is Tj,-open in X we need to show that V is T;,-I-open in X. We
can assume there is y in X — A. Take an arbitrary x € V and {x,,} be a T},-I- convergence
sequence in X to a point x. Since, 4 is Ty,-openin X and x € 4, theset{n € N:x,, € A} € I.
Define sequence {y,}in X, such that y, = x,, for n € 4 and y, =y for n ¢ A. By lemma
(2.5)(2), the sequence {y,} is T{,-I-convergence to x. Since {n € N: x,, € V}={n € N: y, ¢ V},
by Lemma (2.7), V is Ty,-I-open in X, by Definition (3.3) 4 is Ty,-I-sequential open (Ty,-I-
sequential subspace of X).

Similarly, Assume that X be an Tj,-I-sequential Space, Let A is a Tj,-I-closed set in X
implies A is a T},-closed set in X. For any T;,-I-closed subset Uof 4 set in X, we need to show
U is Ty,-closed set in X. Since X is a Tj,-I-sequential space, by definition (3.2) it is enough
to show that U is T;,-I-closed in X which implies Ty,-closed set. Suppose that {x,} be a T;,-
I- convergence sequence in to a point x € X with x,, € U. By definition (2.10). Since 4 is T{,-
closed, it has that x € A and so x € U, hence U is a T;,-I-closed set of A.

Corollary (3.1): Every Ty,-sequential space is hereditary with respect to Ty,-I-open (Ty,-
I-closed).

Theorem (3.2): Let (X,1,T;, T,,1) be an ideal bioperator topological space. Tj,-I-
sequential spaces are preserved by topological sums.

Proof: Assume {Y, .} be a family of a Tyj,-I- sequential spaces and X is the topological
sum this family. Now, we need to show that X is a Tj,-I- sequential space. Let 4 is a Tj,-I-
closed set in X, By Definition (3.2) it suffice to show that 4 is a T;,-closed set in X. Since,
{Y,.} be a family of a T;,-I- sequential implies every in X implies Y, is a Ty,- closed set in X
for each k, so the intersection A N Y, is a T;,-I- closed set in X. It is clear that AN Y, €Y, is
a Ty,-I- closed in Y,. By the assumption ({Y,} be a family of a Ty,-I- sequential spaces) we
get that A N Y, is a T},- closed in Y,. By the definition of X implies A N Y, is T;,-closed set in
X and A is Ty,-closed set in X. Hence, by Definition (3.2) the sum of the family of Tj,-I-
sequential spaces is also, Ty,-I-sequential space.

Corollary (3.2): A Ty,-I- sequential spaces are preserved by topological sums.

Corollary (3.3): Let (X, T, T;, T,, 1) be an ideal bioperator topological space. Let {Y, } be
a family of a Ty,-I-open sets
1) U,Y, of Tj,-I-open sets is also, Ty,-I-open set.

2) The finitely many N, Y, of sequentially Ty,-I- open sets is also, sequentially T;,-I-open
set.

Definition (3.4): [7] Let (X, t, T;, T, I) be an ideal bioperator topological space and an
ideal I € N. A sequence {x,,} in X is I-eventuallyin Aif 3B € Is.t. {vn € N—B:x, € A} €L
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Proposition (3.1): Let (X, t, Ty, T,,I) be an ideal bioperator topological space and I be a
maximal ideal | € N. A € X, A is T;,-I- open < for each {x, } in X, with x,, —T12! x € As
I-eventually in A.

Proof: (<) Let A is Ty,-I- open and {x,} be a Tj5-I- convergence sequence to a point
x € A. &Since, I is maximal ideal there exist ] = {n € N: x,, € A} € I, & by Lemma (2.10)
vn,{n € N —J: x,, € 4}, © hence by Definition (3.4), A is I-eventually in A.

Theorem (3.3): Let (X, T, Ty, T,,I) be an ideal bioperator topological space, and an ideal
I € N. The intersection of two Ty,-I-open sets is Ty,-I-open.

Proof: Let A and B are two Ty,-I-open sets in X, we need to show that A N B is Ty,-I-
open sets in X.

It is suffices to show that every sequence {x,} in X, with x, —Ti2!x € AN B is I-
eventually in A N B, and by Proposition (3.1) A N B is Ty,-I-open sets in X.

Suppose that ] and K are subset of the ideal I such that foreachn {n € N —J: x,, € A}
and {n € N—K:x, € B}. Since AUB €I implies for eachn {n e N—- (JUK):x, € AnB}.
Hence, {x,} is I-eventually in A n B. By Proposition (3.1) A N B is T{,-I-open sets in X.

4. Conclusion

This study extended the concept of ideal convergence to bi-operator topological
spaces and established several fundamental properties of the proposed framework. The
results examined the relationships between classical, one-operator, and bi-operator ideal
convergence, as well as their corresponding open and sequential structures. Furthermore,
the study established properties related to hereditary behavior and preservation under
topological sums. These results provide a framework for further investigations of ideal
convergence and sequential properties in bi-operator topological spaces.
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