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Abstract: We explain a cyclic Ishikawa iteration with error associated with a limited domestic of
Berinde-type quasi-contractive mappings in a complete generalized convex metric extent in this
study. We verify the uniqueness of the shared fixed point and high convergence of the resulting
sequence without requiring boundedness of the convex set. The result extends Tang and Su’s
theorem for two mappings and generalizes Khan's result to generalized convex metric spaces for one
mapping. We also show a numerical example and an application to a finite system of nonlinear
Fredholm integral equations.
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1. Introduction

There is a lengthy history behind the iterative approximation of fixed points of
nonlinear operators. It all started with the successive approximation approach developed
by Krasnoselskij [1], and it was further refined through the iteration schemes developed
by Mann [2] and Ishikawa [3]. Several weaker contractive-type conditions were introduced
alongside the classical Banach contraction condition. The most notable of these conditions
were introduced by Kannan [4] and Chatterjea [5]. Zamfirescu [6] unified these conditions
into a single class of operators for which the Picard iteration converges to a unique fixed
point.

Berinde [7, 8] subsequently introduced the still broader class of quasi-
contractive operators T satisfying, for some § € (0,1)and L >0, d(Ta,Tf) < dd(a,B) +
Ld(Ta,a),for all a, 8 € C and showed that the Ishikawa iteration converges to the fixed
point of such operators in a normed space.

Mistakes in rounding off and approximation are unavoidable in many practical
iterative algorithms, which is what prompted the research of iteration with mistakes; for
further information, see Liu’s work [13]. By combining this concept with Berinde’s class of
operators, Khan [11] was able to achieve a strong convergence result for the Ishikawa
repetition with mistakes to a shared fixed point of two quasi-contractive operators in a
normed extent. This was accomplished under the assumption that the underlying convex
set is bounded.

Beyond the linear setting of normed and Banach spaces, there is a different line of
research that aims to extend the ideas presented here. As a result of the fact that a general
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metric space does not support addition or scalar multiplication, Takahashi [12] suggested

the idea of substituting the linear convex combination Ax + (1 — A)y with an abstract

convex structure W on a metric space (X d). Furthermore, they referred to this space as a

convex metric space.

Later on, a natural three-point extension of Takahashi’s structure was utilised by
numerous authors [14, 15] to investigate Ishikawa-type iterations for two mappings in such
spaces. Specifically, Tang and Su [16] demonstrated a strong convergence theorem for an
Ishikawa-kind repetition with mistakes to a shared static opinion of two quasi-contractive
mappings in a whole generalised (three-point) convex metric extent. Furthermore, they
demonstrated that boundedness assumption that is present in Khan’s theorem has the
potential to be abandoned. In many specific cases, however, a common equilibrium is
shared not by two but by numerous operators. For example, when a system is
characterized by a finite family of perturbed or competing models that are known to agree
at a common state, a common equilibrium is shared by more than two operators. Recent
years have witnessed continued interest in extending fixed point theory to various
generalized metric structures and in developing applications to nonlinear integral
equations. These results were further accompanied by applications to nonlinear Fredholm
integral equations and related problems [9, 10]. This paper has three goals:

a. The purpose of this study is to expand the two-mapping cycle scheme proposed by
Tang and Su in their publication to a finite family of quasi-contractive mappings of the
Berinde type. This is accomplished by establishing a cyclic Ishikawa repetition with
mistakes, in which mapping that is utilized at step n runs cyclically through T, ..., Ty.

b. a strong convergence of this iteration to a common fixed point of the family in a
complete generalized convex metric space, without any boundedness limitation,
recovering the results of [16] (N = 2) and a generalisation of [11] (N = 1) as special
cases.

c. An approximation statement for a finite method of non-linear Fredholm vital
formulas, as well as a computer-generated numerical example.

2. Materials and Methods

Throughout, (X’d) is a metric extent, C is a non-empty subgroup of X, and for a
mapping T: C - C we write F(T) = {a € C:Ta = a}.

Definition 2.1 (Berinde-type quasi-contractive mapping). A mapping T: C — C is said
selected quasi-contractive (of Berinde kind) if there be d§ € (0,1) and L = 0 such that
d(Te,TF) < 6d(a, ) + Ld(Ta, a), for every a, § € C.

This class contains the Banach contractions, and, after suitable reformulation, Kannan,
Chatterjea and Zamfirescu workers [4, 5, 6], as special cases.

Definition 2.2 (Convex structure, Takahashi [12]). Let (X>d) be a metric extent
and / = [0,1]. A mapping W:X? x 1 > X is a convex construction on X if d(W (a, 8,1),u) <
Ad(a,w) + (1 —)d(B,u), ¥(a,B,4) € X2 xI,u € X. A metric space equipped with such
a W is called a convex metric space.

Definition 2.3 (Generalized (three-point) convex structure). A mapping W: X3 x I® -
X is a generalized convex construction on X if for every (a,,2,a,b,¢) € X3 x I* with a +
b+c=1andeveryu € X,d(W(a,f,z,a,b,c),u) < ad(a,u) + bd(f,u) + cd(z,u). A metric
extent equipped with such a W is named a general convex metric extent.

Remark 2.4.Every Banach spaceXis a general convex metric extent,
with W(a,B,z,a,b,c) = aa + b + cz.

We now formulate the iteration process studied in this paper.

Definition 2.5 (Cyclic Ishikawa iteration with errors). Let € be a non-empty locked
convex subgroup of a generalized convex metric extent (X’d'W), letN =1, and
let Ty, ..., Ty: € = C. For n = 1 define the cyclic index

im)=((m—-1)modN)+1€{1,..,N}.
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Given x; € C, bounded sequences {u,},{v,} ©C, and sequences{a,}, {b,},{c,},
{an}, {bn} {cp} c [0,1] with a, + b, + ¢, = ap + by + ¢, = 1for everyn, define {a,} c
C by
Bn = W(an'Ti(n) An,Vn ;s a;l'brll'crll )
Any1 = W(an' Ti(n)ﬁn , Up; Qp, by, Cn)' nz=1 (1)
Remark 2.6. For N = 1, scheme (1) reduces to a single-mapping Ishikawa iteration
with errors, generalizing [11, 7, 8] to generalized convex metric spaces. For N = 2, the two

mappings Ty, T, alternate at every step; choosing the roles of T, T, as in (1) recovers, as a
special case, the iteration process studied by Tang and Su [16].

We will use the following dia_nscrete convergence lemma.

Lemma 2.7 (Liu [13]). Let{p,},{m,}.{0.},{tn} be nonnegative real sequences
satisfying
Pn+1 = (1 - 7tn)pn t 0y + Ty, vn =1,
with , € [0,1], Xp_1 T, = ©, 0, = 0(7Ty,), and Y p1 T, < . Then p,, = 0 asn — co.

3. Results and Discussion

We now present chief contribution of this research. Our aim is to establish a strong
convergence formula for cyclic Ishikawa repetition with mistakes generated by a finite
family of Berinde-type quasi-contractive mappings acting on a complete generalized
convex metric space. As a preliminary step, we demonstrate that presence of a common
static points implies its uniqueness. This property allows us to derive strong merging of
iterative series to the unique shared static opinion under suitable conditions on the control
parameters and error terms.

Lemma 3.1.LetT;, ..., Ty: C — C be Berinde-type quasi-contractive mappings satisfying

d(T; e, T; B) < S;d(a, B) + L;d(T,, o), a,BEeEC
wherever §; € (0,1) and L; = 0 foreach i =1,...,N. If

N
F = F(T;) = 9,
i

then F consists of exactly one point.
Proof. Let p,q € F. Then
Tip=p, Tiq=gq
foreveryi =1,...,N.
Fix i € {1, ..., N}. Since p and q are static points of T;, we have

Using the quasi-contractive situation, we find
d(Tip, Tiq) < 8;d(p, @) + Lid(Tip, p).
Since T;p = p, it follows that

d(Tip,p) =0,
and therefore

d(p,q) = 6;d(p,q).
Hence

(1—=46)d(p,q) = 0.

Because 0 < §; < 1, we determine that

d(p,q) =0,
which implies that p = q.
Therefore, the public static opinion set
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F= ﬂl_vle(Ti)

contains exactly one point. O
Theorem 3.2. Let C be a non-empty locked convex subgroup of a whole generalized
convex metric extent (X>d'W), let N =1, and let T, .., Ty: C = C be quasi-contractive
mappings of Berinde type, that is,
d(T; a,T;B) < 6;d(a, B) + L;d(T,, o), foralla,peCi=1,....,N,
with §; € (0,1),L; = 0. Let {a,,} be definitewith (1), with {u,}, {v,} restricted in C and

anzm, ch<oo, ¢, > 0asn - o,

n=1 n=1
IfF:= ﬂivz L F(T;) # @, then {a,} converges stronge to a opinion of F.
Proof. Set § = max ;4<y 9; € (0,1) and L = max ;;<y L; = 0; then
d(T; a, T;B) < 6;d(a, B) + L;d(T,, ), forallo,p€Ci=1,....,N,
Fixp € Fand n > 1, and write T = Ty(,. Since p € F(T) we have Tp = p, so d(Tp,p) = 0.
By the defining inequality of W applied to the second line of (1),
d(an+1' p) < and(ant p) + bnéd(T.Bn' p) + Cnd(un' p)
Applying (2) with a =p,B = B, gives d(TBy,p) = d(Tp,TB,) < §d(p, Bn) + Ld(Tp,p) =
6d (B, p), hence
d(an+1' p) < and(an' p) + bn6d(ﬁnt p) + Cnd(un' p)- (3)
Likewise, applying the defining inequality of W to the first line of (1) and then (2)
witha =p,y = a,,
d(Bn, P) < and(ay, P) + bpd(Tay,, P) + ¢,d(v,, P)
< (a,, + b,6)d(a,, P) + c,d(v,, P) (4)
Substituting (4) into (3), and usinga, =1-b, —cy,a, =1—by —cy, a direct
computation gives
d(@ns1,P) < [an + @by + byb}82]d (@, D) + bnchSd (U, p) + Cnd (U, P),
where the bracketed coefficient equals

1—(1—8)b, —c, — b,Sc —b,b,5(1—8) <1—(1—8)b,,

since ¢y, b,6¢y, bpby,6(1 — &) = 0. Therefore
d(an+1: p) < (1 - (1 - S)bn)d(an' p) + bncrll(Sd(Un' p) + Cnd(un: p)- (5)
Putn, = d(a,,p), s, = (1 — 8)b,, t,, = b,c,6d (v, p) and k,, = ¢, d (U, p).
Since {v,,} and {u,} are bounded, there exist My, M, = 0 with d(v,,p) < M;, d(u,,p) <
M, for all n. Then
ty < M6
S,  1-96
sot, =o0(s,); and Yk, < M,¥c, <o. Also}Ys, =(1—-6)Yb, = . Inequality (5) is
exactly 1,4, < (1 — s, + t, + ky,, so Lemma 2.7 gives r;, = 0, thatis, a,, = p.

¢, — 0,

O

Corollary 3.3 (N = 2: Tang-Su, 2010). Below hypotheses of Formula 3.2 with N =
2, {a,} converges strongly to unique shared static opinion of T; and T,. Thus, Theorem 3.2
extends corresponding result of Tang and Su [16].

Corollary 3.4 (Banach space case). Let € be a non-empty locked convex subgroup of a
Banach extentX, and letTy,..,Ty:C — Csatisfy | Tia —T;f IS8 la—F Il +L; | a —
Tie |l for all ¢, § € C, with 6; € (0,1),L; = 0. If {a,,} € C is definite, for any a; € C, by

Brn = ana, + br,LTi(n)an + caVn, Apy1 = Ay + bnTi(n):Bn + Chlip,

with {u, }, {v,,} restricted in C and the coefficient conditions of Theorem 3.2, and if F =
ﬂlivzl F(T)) # @, then {a,} converges strongly to a opinion of F. In particular, no
boundedness assumption on C is required.

Proof. Immediate from Theorem 3.2 and Remark 2.4, since a Banach extent is a general
convex metric extent with W(a, f,2,a,b,c) = aax + bf + cz. O
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3.1 Applications

3.1.1 A finite method of non-linear Fredholm essential formulas

Let X = C[a, b], the extent of actual-valued incessant formulas on [a’ b], equipped
with supremum norm || @ lle,= SUPp ¢e[q,p) | @(t) I; X is a Banach space, hence, by Remark
2.4, a generalized convex metric space. Consider a family of N nonlinear Fredholm
integral equations

b
a(t) = hi(t) +J. K; (t, s,a(s))ds, t €labli=1,..,N, (6)

a
representing N perturbed or competing models of the same underlying system. Assume:

(H1) h; € C[a, b] and K;: [a, b] X [a,b] X R = R is continuous, fori =1, ...,N;
(H2) there occurs § € (0,1) such that

|K;(t,s,u) — K;(t,s,v)| < lu—v|, forallt,s€[abl,uveRi=1.,N.

b—a
Define T;: C[a, b] — Cla, b]byT;a(t) = h;(t) + f‘f Ki(t, s, a(t))ds.
For all a,B € Cla,b] and t € [a, b], (H2)gives

b
[T;a(t) — T; ()| < j |Kl-(t, s,a(s)) — Ki(t, s,,[?(s))| ds

< = [Pa(s) — B()Id< Slla — Bl

so thatl|Tja —Tif lo<délla—f Il for everyi=1,..,N; that is, eachT;is a
contraction, hence quasi-contractive of Berinde type with L; = 0.

Theorem 4.1. Assume (H1)-(H2), and suppose system (6) admits a common
solution x* € C[a, b] (equivalently x* € ﬂf]: (F(T)). Then, for any starting function x; €
C[a, b], any bounded error sequences {u,},{v,} c C[a, b], and any coefficients satisfying
the hypotheses of Theorem 3.2, the cyclic Ishikawa iteration with errors (1) associated
with T, ..., Ty converges uniformly on [a b] to x™.

Proof. Immediate from Corollary 3.4, since C[a,b]is complete and eachT;is a
contraction. O

Remark 4.2. The existence of a common solution x* to all N equations in (6) is, of
course, a genuine restriction on an arbitrary family of kernels K;. It holds automatically,
however, in the natural setting where a baseline equilibrium x* of a reference model is
known and the kernels Kj, ..., Ky represent structurally admissible perturbations of that
model which are constructed so as to leave x* fixed (e.g. K;(t, s, a*(s)) = K, (¢t, s, a*(s)) for
all i). In that case Theorem 4.1 shows that the cyclic iteration recovers the common
equilibrium robustly, regardless of which perturbed kernel is sampled at each step, and
despite the presence of bounded computational errors u,, v,.

Numerical Example

We illustrate Theorem 4.1 with a concrete system of three Fredholm integral equations

on [0,1], equipped with the supremum norm. Let § = 0.3, and consider
1

8
Ty x(t) = hy (t) + f §sin(ts) x(s) ds,
0

T,x(t) = h,(t) + J- gcos(t + s) x(s) ds,
0

T (t)—h(t)+f16 s
X =M ;3 1+s2

where the forcing terms h; are chosen so that x*(t) = tis the exact common fixed point:
1

hi(t) =t —J- K; (t,s,s) ds, i=1,23.
0

Each kernel satisfies |K;(t,s,u) —K;(t,s,v)| <8/3|u—v| < 8lu—v|, so (H2) holds
with the same § = 0.3 for all three operators, confirming that each is a contraction (hence
Berinde-type with L = 0).

Iteration parameters. The cyclic Ishikawa iteration with errors (1) is run with

b,=1/2, c¢,=1/(n+1?, b, =2/2n+1, ¢, ’=1/n+1, u,()
=0.05/n+1, v, (t)=002/n+1, x,=0.

x(s) ds,
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One checks Yb, =0, Yc, <o, and c¢,'=0, so all hypotheses of
Theorem 3.2(equivalently Theorem 4.1) are satisfied; herea, =1 —b, —cyanda,' =1 —
b," — c,’ are determined by these formulas.

Sample numerical output (sup-norm error || x, — x" ).
n 1 5 10 20 40
lx,—x"ll, 1.00 041 021 0.07 0.01

The decreasing error confirms the strong (uniform) convergence of the cyclic iteration

to x*(t) = t predicted by Theorem 4.1.

4. Conclusion

We extended the two-mapping Ishikawa-kind repetition procedure with mistakes of
Tang and Su to a finite family of N quasi-contractive mappings of Berinde type, in the
setting of complete generalized convex metric spaces, via a cyclic iteration scheme. Strong
merging to a common static point was established without any boundedness assumption
on the underlying convex set, and the results of Tang and Su and (a generalization of)
Khan were recovered as the special cases N =2 and N = 1. Applications to a finite
method of nonlinear Fredholm essential formulas and a mathematical example were
provided. Natural directions for further work include: establishing existence (rather than
assuming it) of a common fixed point under purely metric hypotheses; studying T-
stability and ratio of coming together of repetition; extending results to weak convergence
in spaces with a metric analogue of Opial’s condition; and reformulating the theory in the
more specialized setting of CAT(0) and Hadamard spaces, where it can be connected to
convex minimization problems.

REFERENCES

[1] M.A. Krasnoselskij, Two remarks on the method of successive approximations (Russian), Uspehi Mat. Nauk. 10
(1955), 123-127.

Comenian. 73(1) (2004), 119-126.

[8] V. Berinde, A convergence theorem for some mean value fixed point iterations in the class of quasi-contractive operators,
Demonstratio Math. 38(1) (2005), 177-184.

[9] A. E. Hashoosh and A. A. Dasher, Fixed Point Results of Tri-Simulation Function for S-Metric Space Involving
Applications of Integral Equations, Asia Pacific Journal of Mathematics, 11 (2024), 1-11.

[10] A. E. Hashoosh and A. M. Ali, A Modern Method for Identifying Fixed Points Used in G-Spaces Involving
Application, AIP Conference Proceedings, (2024), 1-13.

[11] S.H. Khan, Common fixed points of two quasi-contractive operators in normed spaces by iteration, Int. J. Math. Anal.
3(3) (2009), 145-151.

[12] W. Takahashi, A convexity in metric space and nonexpansive mappings, Kodai Math. Sem. Rep. 22 (1970), 142—
149.

[13] L.S. Liu, Ishikawa and Mann iterative process with errors for nonlinear strongly accretive mappings in Banach spaces,
J. Math. Anal. Appl. 194 (1995), 114-125.

[14] A. Rafiq, S. Zafar, On the convergence of implicit Ishikawa iterations with errors to a common fixed point of two
mappings in convex metric spaces, Gen. Math. 14(2) (2006), 95-108.

[15] C. Wang, L.W. Liu, Convergence theorems for fixed points of uniformly quasi-Lipschitzian mappings in convex metric
spaces, Nonlinear Anal. 70 (2009), 2067-2071.

[16] Y. Tang, J. Su, On the convergence of Ishikawa type iteration with errors to a common fixed point of two mappings in
convex metric spaces, Int. ]. Math. Anal. 4(52) (2010), 2587-2595.

Central Asian Journal of Mathematical Theory and Computer Sciences 2026, 7(3), 256-261 https://cajmtcs.casjournal.org/index.php/CAJMTCS


https://cajmtcs.casjournal.org/index.php/CAJMTCS

