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Abstract: Introduced by Zadeh in 1965, fuzzy set theory allows for the logical modeling of
imprecision and linguistic uncertainty by generalizing classical bivalent logic to incorporate partial
membership. The analytical features of fuzzy functions and fuzzy inference systems are examined
with the rigor anticipated of classical real analysis in this study, which proposes a self-contained
mathematical framework that treats them as two manifestations of a common algebraic structure.
The framework begins with the algebraic foundations of fuzzy sets and their induced lattice order,
proceeds to define fuzzy-valued functions (FVFs) via a-cuts and Zadeh's extension principle, and
establishes continuity, Hukuhara differentiability, and Kaleva integration within that setting. A
worked MATLAB demonstration shows how the extension principle propagates a triangular fuzzy
input through a nonlinear map, yielding a non-triangular output whose membership function is
reconstructed from the a-cut family. Arithmetic on fuzzy numbers is treated through triangular,
trapezoidal, and LR representations. Fuzzy inference systems (Mamdani and Takagi-Sugeno-Kang)
are then derived as computable instances of FVFs: each system’s output surface is the centroid
shadow of an underlying fuzzy-valued mapping, and its smoothness follows directly from the FVF
continuity criterion. Universal approximation is established for both architectures. All theoretical
constructs are accompanied by complete, reproducible MATLAB implementations, with three case
studies— inverted-pendulum control, Mackey—Glass chaotic-series prediction, and Wisconsin
breast-cancer classification—each explicitly connected back to the FVF formalism. Benchmark
comparisons against classical and neural-network baselines demonstrate that, for low-dimensional
problems with expert-available linguistic priors, well-tuned fuzzy models achieve competitive
accuracy at an order-of-magnitude lower training cost.

Keywords: fuzzy sets; membership functions; extension principle; fuzzy arithmetic; Mamdani FIS;
Takagi-Sugeno-Kang FIS; MATLAB; fuzzy control; approximation theory; a-cuts

1. Introduction

In classical mathematics, every proposition is either true or false — membership in a
set is absolute, admitting no intermediate degree. This binary ontology, however natural
for arith-metic, proves inadequate when the underlying information is inherently vague.
The statement “the temperature is high” does not admit a threshold below which the
predicate is false and above which it is true without discarding the very nuance the
statement carries. Lotfi A. Zadeh [1] proposed resolving this tension not by abandoning
set membership but by grading it: Set membership is no longer a binary true/false
designation but a real-valued degree drawn from the continuous interval [0, 1]. The
resulting theory —fuzzy set theory —has grown into a mature discipline occupying the
intersection of mathematical logic [13], functional analysis [9], control theory [5, 6], and
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ma- chine learning [8, 15]. What makes fuzzy methods practically compelling is their
capacity to en- code expert knowledge in a form —linguistic IF-THEN rules—that is both
human-interpretable and computationally tractable.
Scope and Contributions

This paper has a dual aim: to provide a mathematically rigorous treatment of fuzzy
functions suitable for graduate-level study, and to translate each theoretical construct into
working MAT- LAB code so that the theory is immediately accessible to practitioners.
Specifically, we con- tribute:

1. A unified definition of fuzzy-valued functions (FVFs) based on the extension
principle, with proofs of continuity, Hukuhara differentiability, and Kaleva
integrability in the theoretical framework sections.

2. A concrete MATLAB demonstration that computes and plots the image FVF of f(x)
= x2 applied to a triangular fuzzy number, bridging formal theory and code
through the extension-principle demonstration and Listing 2.

3. A systematic treatment of fuzzy arithmetic for triangular, trapezoidal, and LR
numbers, including error-propagation formulae in the fuzzy arithmetic section.

4. A derivation of Mamdani and TSK inference systems as computable instances of
FVFs, with rigorous universal approximation statements in the fuzzy inference
systems section.

5.  Three fully documented MATLAB case studies—inverted-pendulum control,
Mackey—Glass time-series prediction, and Wisconsin breast-cancer classification—
each explicitly reconnected to the FVF formalism, with reproducible
benchmarking in the applications and case studies section.

Organization of the Paper

The paper is organised as follows. After the introduction, the methodological design
is presented to clarify how the mathematical development, MATLAB implementation,
and benchmarking procedures are connected. The next sections review the algebraic and
lattice-theoretic foundations of fuzzy sets, standard membership-function families, fuzzy-
valued functions, fuzzy arithmetic, and fuzzy inference systems. The applications section
then presents three MATLAB-based case studies, followed by a results summary,
discussion, conclusion, and appendices containing the complete scripts.

2. Materials and Methods

This study applies a mathematical-development and computational-demonstration
design. The first stage formulates fuzzy sets, fuzzy numbers, and fuzzy-valued functions
using the extension principle and the a-cut representation introduced in the foundational
fuzzy-set literature [1], [2]. The mathematical construction is supported by established
work on fuzzy arithmetic, fuzzy differential equations, and fuzzy-system modelling [3],
[4], [9], [10], [11].

The second stage translates each theoretical construct into reproducible MATLAB
procedures. Membership functions are implemented using triangular, trapezoidal,
Gaussian, generalized bell, and sigmoidal families. Fuzzy arithmetic is computed through
a-cut discretisation, while Mamdani and Takagi-Sugeno-Kang inference systems are
implemented as computable fuzzy-valued mappings based on rule evaluation,
aggregation, and defuzzification [5], [6], [7], [8].

The third stage evaluates the framework through three case studies. The inverted-
pendulum example tests fuzzy control stability; the Mackey—Glass example evaluates
time-series prediction using ANFIS against classical and neural-network baselines [20];
and the Wisconsin Diagnostic Breast Cancer example evaluates fuzzy classification using
a benchmark biomedical dataset [21]. The reported indicators include qualitative
interpretability, stabilisation behaviour, RMSE, MAE, training time, accuracy, sensitivity,
specificity, and AUC, depending on the case-study objective.
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Mathematical Foundations of Fuzzy Sets

Basic definitions

Let X be a non-empty reference domain over which all subsequent definitions are
established.

Definition 2.1

A=l Ha () :xe Xl (Fuzzy set [1]). A fuzzy set AonX isa pair where the
wi: X — [0,1] membershz?a funftzon assigns to each element x .E X its
degree  of membership in A. When p 4~ takes only values in {0,1},

A reduces to a crisp (classical) set; the indicator function of that set is recovered. The
collection of all fuzzy sets on X is denoted F(X). Definition 2.2 (a-cut and strong a-cut).
For A € F(X) and a € [0,1], define

[A" = xexpz(x) = a}, a>0 [A' =t ex: p 0> 0

with (the closure of the support). The strong a-cut is [/T][H ={x e

Xopz(x)=al

The a-cut representation is central to the analysis of fuzzy functions; it bridges fuzzy
and crisp analysis by expressing every fuzzy set as a parameterised family of ordinary
sets.

Definition 2.3 (Support, core, and height). The support, core, and height of A are,
respectively,
supp(4) = [/T](H, core(A) = [A]l, hgt(4) = sup sup wi(x)
If hgt(A”) =1, the set is called normal.
Lattice Structure

The set F (X) inherits a complete lattice structure from [0,1].
Definition 2.4 (Set operations [3]). For A BeF (X):

Maus (x) = max{ pz (x), pz (x)}
Hing (1) = min{ pz(x), pz ()}
uz(0) = 1 —uz00)

More generally, union and intersection may be replaced by any t-norm T : [0, 1]* — [0, 1]
and t-conorm S : [0, 1]2 — [0, 1] satisfying the axioms of commutativity, associativity,
monotonicity, and boundary conditions [12].

Definition 2.5 (t-norm and t-conorm). A function T : [0,1]2 —[0,1] is a triangular norm
(t- norm) if for all a,b,c €[0,1]:

(a) Tla,b) = T(b,a) (commutativiry);

by Tla,T(b,c)) = T(T{a,b),c) (associativity):

ic) b =¢= Tla,b) = Tla,c) (monotonicity);

(d) Tla,1) = a(boundary condition).

Tada, b) = minda, b). Tela, b} = ab, Tr(a, b) = maxla+b—1,0)

The t-conorm S is the dual: S(a,b) =1—T7T(1 —a,1 — b).

Prominent examples: (Lukasiewicz),
Tp (drastic product).
The Representation Theorem

Central Asian Journal of Mathematical Theory and Computer Sciences 2026, 7(3), 216-236 https://cajmtcs.casjournal.org/index.php/CAIMTCS



https://cajmtcs.casjournal.org/index.php/CAJMTCS

219

The following theorem, due to Negoita and Ralescu [11], is fundamental: it
allows every fuzzy set to be reconstructed from its a-cut family.

Theorem 2.6 (Representation theorem). Lef {Aa}ae1] be a family of non-empty
subsets of X satisfying

asf=>Aa 2A8

A« =Ng<q A forall a €(0,1] (left-continuity).

. . A = = A for all g €0, 1], given iv
Then there exists a unigue fuzy set A € F (X) such that L4] :

i Ax) = supla : x € 45)

Progf. Define X —[0,1]by fix) = supiar = (0, 1] : v € 4o} (with f{x) = 0if x belongs to
nodg). For 8 € (0, 1],
lx: flx) = g} =ﬂm g o = Ag
where the last equality uses the left-continuity hypothesis. Hence [ f~1]f = Ag for every
B €40, 1], so the fuzzy set A with membership f has the desired a-cuts. Uniqueness is

immediate because the a-cuts of any A determine LA~ pointwise.

Membership Functions: Families and Properties

Triangular Membership Function

Among parametric membership function shapes, the triangular form stands out for its
simplicity and prevalence in practice.

Definition 3.1 (Triangular MF). For parameters a <b < ¢ in R, the triangular
membership function is

0 X=a
r—a
J A S
pla,bc)x) = b—g _

{3, xX>r
| = la+tb—ala, ¢ —(c—bla] fora = (0, 1]

Its a-cut is the closed interval '~
Trapezoidal Membership Function
Definition 3.2 (Trapezoidal MF).

Fra=b=c=dinR

a, ¥=a
A=t ;
—— a=x=h
b—ua
pia, b,e,d)(x) = l, b=x=¢
d—x
—cr=x=d
d—n
0, x =
The trapezoidal MF contains the triangular as the special case b = c.
IGaussian and Generalised Bell
Definition 3.3 (Gaussian MF).
(e _e)?
Loyl = xp ——— » 0>0.

Definition 3.4 (Generalised bell MF).

1
i, b, edfx ﬁ'”' b=

The exponent 2b controls shoulder steepness; as b — o, the generalised bell converges
to the indicator of [c¢—a,c+a].
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Sigmoidal and Complementary Sigmoid Compositions
The S-shaped (smf) and Z-shaped (zmf) membership functions are well suited to
modeling boundary regions where membership rises or falls monotonically without a

defined peak.

0 xX=a
X — Iy % a+b

2= ] (1 A —
W= 2

S {ap}(X) pocp [l. —m: o+ h
—2|—) ——=x=
b — z
1. x >h

EMfrapylx) =1 —smfaplag)

MATLAB implementation. Listing 1 generates and overlays the standard
membership func- tions using the Fuzzy Logic Toolbox.

x = linzpace (-2, 2, 500);

% Triangular
i |y_tri = trimf(x, [-1.5, 0, 1.5]}:

% Trapezoidal
y_trap = trapof (x, [-2, -1, 1, 2]);

i |% Gaussian

i |y_gauss = gausemf {x, [0.5, 0]);

% Generslised Bell
vy_gbell = gbellmf (x. [0.5. 3. 01):

% S-chaped

y_sof = snf{x, [-1.5, 1.5]);

¢ % Plotting

o figure (" Position®, [100 100 700 35013

i plot {x, y_tri, -0, ‘LineWidth’, 1.8, :Disp-_a}'_\{ameJ, JTriangu'_arJ
)

WA

hold on;
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plot (x, ¥ _trap , ", 'Line Width ', 1.8, ' Display Name L Irapezoidal
g

plot (x, ¥_gauss , fe-t, 'Line Width ", 1.8, ' Display Name ', ' Gaussian "):

plot (x, ¥Y_gbell , "m:", "Line Width ", 1.8, 'Display Name ', "Gen. Bell '}

plot (x, vy_smf , "lk=. ', 'Line Width ", 1.8, 'Display Name ', '5- shaped "}:

xlabel (" $x%°. " Interpreter ", “latex”, “PontSize ., 13):

vlabel (" $\mu{x) §', *Interpreter *, " latex’, “Font3ias”, 13); title (" Standard

Membership PFunctions . " Font3ize . 13): legend {" Location ', " northwest ., ~Pont
) |81z, 11):

grid on: ylim{[-0. 05, 1.1]):

Listing 1: Plotting standard membership functions

T T T
1 | |— Triangular (—1.5,0,1.5)
--~ Trapezoidal (-2,-1,1,2)
_ —— Gaussian (0,0.5)
-g_ o5l Gen. Bell (0.5, 3,0)

Figure 1: Comparison of standard membership function families on [ 22, 22] Triangular and
trapezoidal shapes are piecewise-linear; Gaussian and Generalised Bell are infinitely differen- table,

Fuzzy Functions: Definitions and Analytical Properties
The Extension Principle

The most natural way to extend a classical function to fuzzy arguments is Zadeh's extension principle
[2].

Definition 4.1 (Extension principle [2]). Let £: X — ¥ be a function and A € F (32. The fuzzy image of A
under fis the fuzzy set _f(g] EF(Y)defined by

B (V) ={swm(x1. fton=o

0. otherwise.

For an m-ary function /A7 =+ xX,— 1 andfuzzy setSJ;. = F (X)),
Hrd,..i,(v) = sup

(& ¥EnIeX g wexXn
Fix, o Xni=y

min gy | () Doy Coen 1)

Proposition 4.2 (0-cut gcharactensation of the extension). [f =X . ¥ is continuous and
each is compact, then

[F(D)]" = F([A]")ve € (0,1]

Progf (=) Lety [f(ﬂ)]ﬂ, S0 yf[a;{}') = @. By the definition of the supremum,_ there exists
xg & 1) with ig(xg) = @, ie xp £ [.n'iv_]_i and () = 1. Hence v Eﬂ[i)_
(=) Conversely, if v = f(x) for some x = [,;]:a_ then ,'Jﬂa;ﬁ;) =) =a.soy e [f(f)]:q
A
Fuzzy-Valued Functions
Definition 4.3 (Fuzzy-valued function). A fuzzy-valued function (FVF) on a domain D

CRis amapping f : D — F(R), which assigns to each t € D a fuzzy set f (t) € F (R).
FVFs arise naturally when model parameters or outputs carry epistemic uncertainty.

Definition 4.4 (Continuity of an FVF [9]). f is said to be continuous at a point t, € D

whenever, for each tolerance ¢ > 0, one can find a threshold d > 0 such that It — to| <
forces

de [f()]e, [f()]e <& Vaec(01],

where du denotes the Hausdorff metric on compact subsets of R.
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Remark 4.5. For an FVF whose L7 (1% = [£_ (1), 7. (). Za-cuts are closed intervals
continuity in definition 4.4 is equivalent to the functions f, and fy
simultaneous continuity of the bound in both t and a.

Differentiability: The Hukuhara Derivative

Definition 4.6 (Hukuhara difference [10]). The Hukuhara difference A ©n B of two
fuzzy num- bers is defined as the fuzzy number C — provided it exists — satisfying A =
B'® C, where @ denotes the fuzzy Minkowski sum.

Definition 4.7 (H-derivative [9]). An FVF f~ : D — F(R) is H-differentiable at to if the
limit
flty + 1) By f(t,)

R exists in F (R).

f'(to) = lim

Theorem 4.8 (Interval-derivative formula). If [fn]"  [SErnziny]
differen- tiable in t, then f is H-differentiable and provided the right-hand side is a valid interval.
Proof. The Hukuhara difference condition f (t+h)=f (t)@C }; becomes, at a-level, | faz
(t+h), fo (t +h)] = [faz (O +cp, fa(t)+an], giving ¢y =faz (t +h)—fa(t) and similarly for the
upper bound. Dividing by h and letting i — 0 yields the stated formula. The validity
condition ensures [fd(t)]“ isanon-degenerate interval, which holds whenever f, increases

atleast as fastas f .

Fuzzy Integration

Definition 4.9 (Kaleva integral [9]). The fuzzy Riemarn integral of £ - [a, b] — F (B) is defined

via its Q-cuts:

U‘;bf(n dr]ﬂ = [_[:Jf_a(t) dt.J:f;T{r) dr}

whenever the Riemann integrals of the bound functions exist for every o = (0, 1]

Computational Realisation: Extension Principle in MATLAB

Worked example. Let - R — R, f(x) = x_, and letd = (1,2,3) be a triangular fuzzy input.
By proposition 4 2| the fuzzy i1mage f{;} has a-cuts

[FCD]° = FA]) = [(1 + (2 = D)%, (B — (3 — 2)a)?] = [(1 + a)?, (3 — a)?].

At a = 0: support [1, 9]. At a = 1: core {4} Note that #(A) is not triangular—its (f-cut bounds
are guadratic 1n G—so0 image computation wia the extension principle genuinely enriches the

class of fuzzy shapes beyvond piecewise-linear forms.
More generally, for a differentiable monotone function f and a fuzzy number A with a-cuts
[alcr), a(c)]. the image FVF satisfies

F(A | = [ min _f(x), max f(x)
[ ( ) ] .ré[l d] .I'E[i.ﬁ]
For non-monotone f the interval in (1) must account for interior extrema within each -cut.

MATILAB implementation. Listing 2 implements the extension principle for an arbatrary ugi-
variate f via (--cut discretisation and plots the membership function of f (A} by inverting the
r-cut family according to theorem 2.6.

extenzion demo . m FVYF wia the extension principl e

clear ; cle:
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—f = x5 == 3; % the crisp femctiom

— = [ir 3 31 % triangular fuozzy inpet Llsft, peakr right
3

— = 330, % alpha-cuet resclution

—pEd = LARARRAAET I Bl

=% Alpha-cuts of the triamzular inpet
spia Jo, = ALY + La(E)-a{llmalpha § lower Lkousds: 1 + alpha
s—dn e, = ATI) - La{3)-a{Zi-malphas % upper ksusds 3 - alpha

=& Image alpha-cuts via the =xtemsiom principle {Rropesitice 4.2
—i ) - Xz is EoREsE> 50 min/maxr axe at the interval endpoints
- minfilp o, Eldaiat
=Hafp, = mar il iph,  Ebafii

%

=% For mon-ponotone I, 2lso check inmterier critical points
s Here the vertexr x=0 is owtside [1,33- so emdpoint check sudiices

Eeconstruct mexhership fonctiom of ELA:

mu_fifalyl = supialpEa © 7 in [Rakpdadped), Rafijdadpbali—

gl = EETON fEiaifa BARSL]
=—far 7 = 1:lemgth {5 manael
: P apdpged
% Pind largest alpha s.%. 7 is im the alpha-cut
iRapit = 47 0- Tabor b iz O Tahin:
if any Limapld-l
QHafsld) = maxifalpha LiR.poisl:
and

—tnd
1

8 Also compute impuwt WP for comparison
g = m2x (b minLigampssds - AlLEL/4A 2D -A (14
A3} - FapadgEs’h (30 -A (2L

= &% PFlot

s—figurs (" Fosition®, [100 lo0 730 220]is

s—eabplet [1,2,1);

it Pt s RARGE sy EMady B-". "LimeFidth', 1L E

i glabell’ $x§°." Imterpreter’,” latex"); glabel (" §vme_ {\tilde fajlixl §',
" Imterpreter ", latex'd:

" title " Iapuss §htildefilwm(1l,2,2}§"," Imnterpreter’,’ latex”);
i AR ([0 4]is zrid om;
[

——sabplet (1.2.2);
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plot {y range, mu fA, "r-', "LineWidth', 1.8); hold on;
Mark Lph cut bands t lph 0, 4.5B, 1
for al = [0.25 0.5 0. 75]
idx = find {alpha = al. 1).
la = F lo{idx); hi = F hi {idx];
plot {[1o hil, [al all,'k:'," LineWidth',k 1.0);
end
xlabel {" $v$' ., Interpreter ', latex'):
vlabel (' $% mu Fihtilde {al) J{y2 §"," Interpreter ', latex');
title {" Output : &F (vtilde {AJ) %, =%, Stilde {A} 28", Interpreter ',  latex
Y
xlim {[0. 5 9 511 : grid on:
ggtitle {' Extension Principle Applied to &£f{x)l=x"2%", Interpreter '
latex']);

Listing 2: Extension principle: computing and plotiing f-:rl") for fix)=x* and tiangular

A=0123
Input: A =(1,2,3) Cutput: fd) =42
T T

1
Z )
= 05 [ 7
i—.

okE! 1 1

2 < [ 8
x ¥

Figure 2: Extansion principle applied to fix) = x* with triangular input a = (1,2,3). The output
membership function has quadratic flanks {lef [y — 1 ; right: 3- /7], confirming that

the image of a friangular fuzzy number undsr a nonlinear function is generally non-triangular. Dotted
lines mark the a-cuts at & =0.5 and a=0.75.

Fuzzyv Arithmetic
Fuzzy MNumbers

Definition 5.1 (Fuzzy number). A furzy set Aer (R} qualifies as a fuzzy number when it satisfies
three condifions: (i} normality, (ii) cdosed bounded intervals as a-cuats for every a € (0, 1], and (iii) a
bounded support.

The collection of all fuzzy numbers is dencted F A {R). In practice, the triangular fuzzy number A=
(al, az, a3) subject to al = a2 £ a3 is ubiquitous, with x-cuts given by [.i";] =[al + (a2 —allx ad - (a3 -
a2)a].

Arithmetic Operations via a-Cuts
Let A = (a1,a2,a3) and B = (b1,b2,b3) be triangular fuzzy numbers.
Proposition 5.2 (Arithmetic on triangular fuzzy numbers).

A B ={a, +by, az + by g+ i) (2)

A B =(ay — by, ay— by, fy — byl (3

A B = {a, by, auby,a:b5) (a;, by > 0) (4)
(ay oy oy ! 23

A= (—-._—- L b n;] (5)
II.I"; il .!n'-_ J

Proof. Equations (2)—(5) follow from the ingerval agithmetjc applied to the a-cut

representation and the linearity of the bound functions in a.. For addition: [A @ B] =[4] +[B]
=[mHa—m)a+b1+(b2—b1)a, ...], which is linear in a and corresponds to the triangular fuzzy
number on the right of (2). The multiplication result is exact only when all values are
positive, as the product of two linear functions of a is quadratic; the triangular
approximation linearises this product.

LR-Fuzzy Numbers

Definition 5.3 (LR-fuzzy number [3]). A fuzzy number 4 is an LR-fuzzy number with
mean m, left spread £ >0, and right spread r >0, written A= (m, L, 1)ir, if
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where  Malx) = ¥ — r::!j

L,R:[0,%0) = [0,1] are non-increasing, upper semi-continuous reference functions with

L(0)=R(0)=1.

Common choices: L(f) = R(t) = max(1 —t,0) (triangular), L(t#) = R(¢) = max(1 —#2,0)
(quadratic), L(t) = R(t) = e (exponential).

Proposition 5.4 (LR arithmetic). For LR-fuzzy numbers with the same reference functions:

(m1,€1,71)2r & (o, L2, 12)r = (1 + ma, €1 + €2, r1 + 12)rr.

MATLAB implementation.

function € = Fagesy add (A, B:. n alpha)

W FUZZY ADD Add two triangular fdgeEy numbers via -|||'I: eut
nrithmetie.

% A, B : Lleft, penk, right

al® C - [left pesk right] of the =um

if parsis < i- J.alebe. = 100; =nd
slphe = linspegs (0 1 p_glghal:

% Alpha —cuts of A and B

TR = a1} + La(2) — A{11) .* alphay
A B, = 4{3) — {A(3} - A{2)) .+ @alpha.
E_lg, = B{1) = (E{2) - B{1l1 .* alpha.
B_hi = B{3) - {E(3) - B{2l1 .= alpha.

¥ Interval addition
C.le = & 1o + B.lo
Enl = &bl - BB

% Recover triangulaesr peEramstars

€ = [Guledsnd), §lg(1) + LL AL (1) - G lp (1102 Cubilend3];

% Mote - for trisnsuler inputs the reswlt is exzactly triamgular
2 C = [A(1) +B (11 _ A (2} +B (22 _ A (3} +B {31];
——=r

x function © = Iuzzr aguli4, B, goalsbad
22| & FUOZIZIT_MUOLT Multiply two positive triangular fuzzy npumhars
if parsin < i_ p alphg. = 200: end
elphe = LifeRsssle = BoBladad:
A le = A1) + {a{Z)-A{11) salpha .
A i = A{3) - {4(3)-4{2)) xalpha .

B 1o, = B{1) + {B{2)-B{1l} =alpha .
B_hi = B({3) - {B{3)-B{(21l} =alpha .
St Ldh, -* Bolis
Cadids = &-hi, .* B_kis

% Triangular approximation wvia least — sguares
4. mst = [alphe”, 1-alpha’];

g-gesl = 4@t W Cde

g8l = a.mat v CRL

C = [aegesd (Bl La.geed (1) +a.poef.(2) +gogaed (1) +oogped (272
E5aet- (1) + g ppef (211

Listing 3: Fuzzy arithmetic on triangular fuzey numbers via a-cut digcratisation,
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Fuzzy Inference Systems
General Architecture
A fuzzy inference system (FIS) is a computational model that maps crisp input vectors to
crisp (or fuzzy) outputs through four successive stages:
1. Fuzzification: Transform crisp input values xi,..., xp into corresponding
membership degrees.
2. Rule evaluation: Process a collection of IF-THEN conditional statements forming
the rule base.
3. Aggregation: Merge the individual rule outputs into a unified fuzzy result.
4. Defuzzification: Extract a single crisp value from the consolidated fuzzy output.
Mamdani Fuzzy Inference System
Introduced in [5] for steam-engine control, the Mamdani FIS uses fuzzy sets in both
antecedents and consequents.
Definition 6.1 (Mamdani rule). The i-th rule in a Mamdani FIS is of the form
R; :IF (x1is Ai) AND -+ AND (x is Aiw) THEN (y is Bi),
where Aij,Bi € F(R) are fuzzy sets with known membership functions.
Firing strength. The degree of activation of the i-th rule given input x=(x1,...,xy) is

700 = T (1 60D, o, o0

where T is the chosen t-norm (commonly min or product).

Rule output. The clipped (or scaled) consequent is
Hpa(yy = =l A g, (¥) (Mamdani min-implication).
Aggregation.

R
Pagg(¥) = \/ Hg; (¥) = max [l? A g, (y)]
i=1

Defuzzification. The centroid method, also known as centre of area, is the predominant approach to
defuzzification :

L vbage) dy
J, Hagg @) dy

Alternative methods include mean of maxima (MOM) and bisector.

Takagi-Sugeno-Kang Inference System

In the TSK model [6, 7], each rule's consequent takes the form of a polynomial
expression in the crisp inputs rather than being expressed as a fuzzy set.

R;: IF (x1is Ain) AND - AND (xp is Aip), THEN yi = fi(x),

where fi is a polynomial of degree k in x1,...,xp.

For order-1 TSK: yi = cio +cix1 ++++cipxp. The overall output is the weighted average:

. _ L i)
Y ETIR 1
i=1"1
Remark 6.3. TSK systems are globally smooth whenever the membership functions
and fi are smooth, a property that Mamdani systems generally lack. TSK is therefore
preferred for gradient-based optimisation (ANFIS [8]).
Universal Approximation Property
Theorem 6.4 (Universal approximation; adapted from [14]). Let f : K — R
be continuous on a compact set K < Rvr. For every € >0 there exists a Mamdani (resp.

order-1 TSK) FIS f : K — R such that supxeg |f(x)-f (x)| <e.

The proof for the Mamdani case uses the Stone-Weierstrass theorem: the set of FIS
outputs is a subalgebra of C(K ) that separates points and contains constants [14].
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MATLAB Implementation of a Mamdani FIS

L Momdani Tippdmng Az am

{ix mamtis{ Name" lipCal mtor  1:
npt ¥ irucuid THIRER 0 ot |0
[i= nddImput (fis, [0 107, Name ', " Food@ualitv®);
fis nddMPF (fis, FoodQuality ', teimf ", [0 0 &), "Name ", P ol X
[is = nddMF (Fis. "~ FoodQuality' . "rrdmd”, [0 10], " Nome ™, Avorago’
1
'] % nddNF ([is, " FoodQuality . “oriml ; [6 10 101, Mome” . " Good” )
Aput 2 A e RER i T (R4]
fisg add Imput (fis. [0 10], Mame . "Service@Quality " ):
fFia = nddMiF{fis. " ServiceQuelity ', trimf , L0 0O B, ] ' I
]
» |Eds = sddME Lfis. °~ServiceQuality’, " frimf’', [0 5 101 _ ' Hame *,

Average’):

o Fie = gddWE-LLis. ~ServiceQuaelity’, “txismf’. [5 10 101~ °Neme’, ° Good’
>

1e | % ——— (Omipui - Tip percentage {0 to 30} ———
= fis = eddOutput{fis. [0 301l_ °“Neme’, *“Tip’I;

= gddME-Lfis. "Tie', " fximi’. [0 5 101 *Mams®, “Low’):
wlfie = gagWELfis. ' Tin’. “grimE” ., [10 15 201l _ ‘Name’', ~Medium®):

=liis - SGGELLis. ' Tip’, °&L4BE’. [20 25 301 Name', ‘Hish'l:
¥ ——— Eule bese Lfantecsdents end consequent indicesd ———
= lrmlelist = [

IF Food=Foor ARD Service=Foor THEN Tip=Low

IF Food=Avg AND Service=Ave THEN Tip=WMedium
IF Food=Good AND Service=GCood THEN Tip=High
IF Food=Poor AND Sexrvice=Good THEN Tip=Medium
IF Food=Good ARD Service=Foor THEN Tip=Medium

BB BRI H
HOHH R
L

R

anlfie = addRule{fis, rulelicsl;

az % ——— Evalwation ——

= ingnt xels, = [T 8l: % Food qusality = L _ Service qguelity = 8

w tip = gERAALEISIEiS. LBBESTEGL

22 fprintf (" Recommended tip for inputs [%s, %el: % Z2f%%\n",
inpotsels (1l ipput xgls {2l _ tipd;

2 — Eisgsgliss. cutput surface ———
=Lz zxid z.gzidl = mashzridllinspsce (0.10.30_ linspscs. (0,10, 30LL:
e zo=xid = =ervosfsisadg =xignd.
——fer L = 1l:gueslizogeidl
‘ FEpidil) = s¥eliisdiis. [zosmisll). gossigdlil ]y
—c
az fignrs ;
curF y =rid . ZoBrid.. " EdeeColer’, 'none’}:

4o SMTE L] FA - B
ar  zlahel (" Food Quality')}: zlabel .’ Service Quelity’}: gzlgbhel (" Tip {%}7);
az  title {" Mamdani FIS Output Surface’}: gplorbar:

Listing 4: Building and evaluating a two-input MMamdani FIS for tip calculation

Applications and Case Studies

Case Study 1: Inverted-Pendulum Balance Control

The inverted pendulum serves as a standard nonlinear control benchmark. Its state is
characterized by the pole angle O (rad) and angular velocity 0 (rad/s), while the control
input is the force u (N) applied to the cart.

Problem Formulation
The continuous-time dynamics are
0 = (6)
2 .
gsine_lwnclos-l_QrfllnB mc(ffn
(1’) — c 14 _ C p (7)

I (ﬁ _ mp cos? 9) I (ﬂ __ mp cos? 9)
3 m.+my, 3 mc+my,
where ¢=9.81m/s?, mp=0.1kg (pole mass), mc=1kg (cart mass), [ =0.5m (half-pole
length).
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Fuzzy Controller Design

We design a seven-rule Mamdani controller. Each of 6 and 6 is partitioned into five
linguistic terms: Negative Big (NB), Negative Small (NS), Zero (ZE), Positive Small (PS),
Positive Big (PB); the output u uses the same partition over [-20, 20] N. The rule surface is
anti-symmetric: positive angle and/or velocity demand a positive (rightward) force.

Table 1. Fuzzy rule base for inverted-pendulum control (1 in terms of 6, 0).

6.6 [NB NS ZE PS PB

NB NB NB NS ZE PS
NS NB NS NS ZE PS
ZE NB NS ZE PS PB
PS NS ZE PS PS PB
PB NS ZE PS PB PB

i = 9. 81 me = LBy mp = 0,1 - = ‘0Bz
Il led FI8 (5 MFE pao et Gausalan T
mamfiz (" Nomo' " PendCrrl "’
conires. theto innpace (—pi /6, pidE. &)
centres dth = |inspuce (-2, 2 W
sigma th {« 1 B sigma dth 0,84
£is, = sddInput Lfis [-pif4 pijal_ "Name', " theta’l;
£iz = eddInput {fis. [-3 31, "Name®, "dtheta’}:
fis. = addOutput Lfis. [-2Z0 201 _ FHame', "u’l;
terms = {'NB°_ " NS*,"ZE’', P5°,  PB'};
for kK = 1:5
fis, — sddWELfis.  theta’, ° corel [eho £l . - . £E37,°
Heme’ , terms {k}):
£is = sddMELifis.’ dtbesa .’ SeussBiirl SiEBE dil. Caniiasdrile ],

Heme *, terms {k}Z:
£is = eddMP ifis, 'u’, ' mapcc L[4 (-3} =10l _
Heme *, terms {k}}:
end

% Anti — syvmmetric rule table {comdensed to 7 dominant rolas ]

rulelist =

. 333 1 1: % ZE. ZE -> IE
111 1 1; % MBE_ NE -> NB
5 55 1 1; % EE_ FE —> FPB
132 1 1; % ME_ ZE -» NS
312 1 1; % ZE_ NE -> NS
5 34 1 1; % BPE_ FE -> PS
3 54 1 1: % ZE. PB -> PS
2= fis = addRulesi{fis  ruleli=s3;

s % O0DE with fuzzy controllar

a=ldt = 0.01; T = 5;
et = Oogdf-To
=2 = zazas (- lensshiodlio
a= E(:,1) = [0.15; 0]; % imitial engle 0.15 red
anlFar k = i:length{t) -1
y th, = Z{1 k) ; dgh = Z{2 k)
w = egwalfislfis [k drhle :
deppn = l=*=(2/3 — mpp*cos{th) "2/ {mezmpl>:
gdth = is*sinlgh) - gasledih 2+cos Lphi+sin Lehl Mlacinal
- posifio*uSime+pnl) S deppm-
Tl k+1 = Lh, + dt=ggh -
+ (2 _k+1) = dgh + derddgh.
e
——Tlgure
mlsuhplot (2,1,1);: plot(t, I 2} #1850/ ni b, "LineWidth” ,1_5):
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ylabel {4 thet {degl'): grid on:
subplot (2,1,2); plot{t, X{2,:3, "¢', 'LineWidth',1l.5);

xlabel (" Time {=)'): ylabel { d\ theta/dt (rad/s)’): grid on;

ggtitle {' Fuzey Inverted - Pendulum Controller Response ') ;

Listing 3: Clesed-loop simulation of the furzy pendulum controller

Pole Angle: Fuzzy Controller vs. Uncontrolled

10 foeem=T"" — Fuzzy controlled
K ---Uncontrolled (falls)
';3" O et —
[ &1
—10} 4

[} 0.5 1 | I 2 2.5 3 3.5 4 45 3
Time (5]

Figure 3: Simulated pole angle under the fuzzy controller (blue) and uncontrolled (red). The
controller stahilises the pendulum within approximately 2 s from an initial displacement of 0.15

rad (= 8.6°).
Connection to fuzzy function formalism. The controller constructed above is, in the
sense of definition 4.3, a fuzzy-valued mapping u™: R?— F (R) that assigns to each state pair

6,0) the aggregated output fuzzy set B~agg(9 , 0); the defuzzified scalar u* is then the
centroid of that set. Consequently, the output surface visualised by surfviewin listing 4 is

the crisp shadow of the underlying FVF: for each input (0, 6), the surface value is

centroid([u7(0, 6)]* ). The smoothness properties of this surface—and hence the closed-
loop trajectory regularity— are inherited directly from the Gaussian membership
functions and the t-norm chosen, via the continuity criterion of definition 4.4.
Case Study 2: Mackey—Glass Time-Series Prediction
The Mackey-Glass equation
dr 02x(t — 1)

—_— = 1x(r), T=17
dt 1+x(t—1) ( 5

produces a chaotic time series widely used to benchmark adaptive predictors [20].

ANFIS-Based Predictor

The Adaptive Network-based FIS (ANFIS) [8] combines a TSK architecture with
backpropaga- tion to tune membership function parameters. Using four past samples (x(t
-3), x(t-2),x(t-1), x(t)) as inputs and x(t + 6) as the target, we train an ANFIS with three
Gaussian MFs per input on the first 500 samples and evaluate on the next 500.
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= %% Generate Mackey-Glass serias {Enler intagratinm = taw = 1T}
gt oms = 0.1; T ms = 1500;

LN = round {T ne/dt mgl:

g ms = zeros{i_ K}

i tau sbeps, = round (17/dt mel:

I RS L beu EteRsL = 1.2; % initial histery
ofar k = Lauosienscli-l
0= amsll):
b RSLE - Lau.sbems t 1)
SAELE+L) = gt + dE meEll Zexdi(l+xd 10) - 0.1m3g):

= Z.pglend-2000:endd. % kesp last 2000 points

[

1= &% Embed into input-output pairs (4 lags predict 6 steps shesd)

wllag = 4; aghead = §;

= Npts, = lengthig me! - leg - ahead + 1;
=84 = zeros(Nats, lagl:

w Y out = zerosiNpts, 1):

w far § = 1:Npis

b i) = zomsdd ¢ idlasllc
Toont i) = z.mgli+lag+shead -1l

22 | ¥% Split trein f test

w %% ANFIS opticns

w opt = ggfisfptions {" InitislFIS’, A_ ... % 3 Gausszisn MFs per input
‘EpochNumber’, 200 ...
‘InitislStepSize’, OO0 ...
‘EBtepSizeDecreszeRate”, 04 _ ...
‘BtepSizelncreszeRate”, 11 ...

‘ValidationData®, g dadsd:
wLfisdrained tonbrt- . galElic walircl = andislizn.fets. ontl:

w 5% Evaluate

g Bted = eveliisliis trainede toiodebad:,1:lagl);
wly true = tst datel end):
wu BMSF = sqrtlmesn ({7 pred - g frusl. Zll:
fprintf { ANFIS test RMSE: % 5fin’, RMSE);
W% Flot
figure ;
s |plot {y_true, 'k', '"LineWidth', 1.2): hold on;
plot {y_pred, 'r——", 'LineWidth', 1.2} :
legend {' True', ' ANFIS prediction'):
xlabel {' Test =ample i "1: wlabel { x{t+6)');
title {sprintf {’ Mackey - Glass FPredietion (RMSE = %.4f)", RMSE));

1 | grid on;

Listing 6: ANFIS traming for Mackey—Glass prediction

Table 2. Prediction RMSE on the Mackey—-Glass test set (500 samples, T =17). ANFIS
and TSK results are averaged over three random initialisations.

Method RMSE MAE Training time (s)
Persistence (naive baseline) 0.1923  0.1501 —

Linear AR(4) 0.0682  0.0534 <1

Mamdani FIS (manual rules) 0.0321 0.0247 —

ANFIS (3 MFs/input, 200 ep.) 0.0094  0.0071 18

RBF Neural Network (100 units) 0.0088  0.0067 142

LSTM (64 units, 2 layers) 0.0073  0.0056 1840
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Table 2 shows that ANFIS achieves competitive accuracy compared to deep-learning
alter- natives at a fraction of the training cost, validating theorem 6.4 empirically: with
sufficient rules and well-tuned parameters, the FIS closely approximates the chaotic
attractor.

Connection to fuzzy function formalism. From the perspective of section 4, the one-step
predictor trained here is a fuzzy-valued function p: R*— F (R) mapping a lag vector
(x(£-3),...,x(t)) to a fuzzy set over the next-step values. The TSK consequent functions
fi(x) constitute the crisp skeleton of this FVF, while the antecedent membership functions
determine how sharply the FVF transitions between local linear regimes. The RMSE
reported in table 2 is therefore the L? distance between the centroid of p (x) and the true
value x(t+6)—a scalar summary of the full distributional approximation encoded in the
FVF.
Case Study 3: Biomedical Classification — Wisconsin Breast Cancer
The Wisconsin Diagnostic Breast Cancer (WDBC) dataset [21] contains 569 instances, 30
fea- tures computed from fine-needle aspirate images, and two classes
(malignant/benign).
Fuzzy Classifier Architecture
We apply a three-stage pipeline:

1. Reduce to the five highest-ANOVA-F features via MATLAB's rankfeatures.

2. Cluster the training data with subtractive clustering [16] to initialise a TSK FIS.

3. Refine with 100 epochs of ANFIS; classify by thresholding the continuous output

at 0.5.

Load and preprocess WOBC dat
{Assumes data loaded as X [569 x 301 and v [569 x 11, v in {0,1))
Normalise features to [0,

X norm X min (X)) . imax {X] min{X) + eps);

Feature =selection: top 5 by ANOVA-F =score
idx rankfeatures (X norm', ¥', 'Criterion’, ' fisher');
X eel £ norm {:, idx{l:51);

Train-test split {70 30 stratified)

v cvpartition ¥, "HoldOut', 0.30, 'Stratify’, true);

i_trn X zel {ev. training , @) ; ¥ trn vicw, training );
i_tet X sel {ev. test, 11 ¥ tet yicw. test);
Initialise TSK FIS vi subtractive clustering
opt St genfisOptions (" Subtractive Clustering ', ...
'Cluster Influence Range ', 0.5} ;
fi=l genfiz (X trn, ¥ trn, opt =c);
ANFIS refinement
opt_an anfisOptions {" Initial FIS', fisl , ...
Epoch  Number ", 100,
' Validation Data ', [¥ tst, v tst], ...
"Optimization Method’, 1): hybeid
[fis fin, 7, 7, fis wal, ° anfig{[X trn, ¥ trn], opt an);
Classify
score tet evalfis (fie val, X tst);
¥_pred double {score tst = 0.5) ;
B mean {y_pred ¥y_tet);
EENE sum {y pred 1 & v tst 1) sum Ly tst 11
Sped sum iy pred==0 & y ti=t ) sum iy tet ) ;
fprintf {" Accuracy @ %. 21 Sensitivity @ % 21 Specificity @ % 2f n
100*gec, 10D*sens , LOO0xspec);

Listing 7: Fuzzy biomedical classifier on WDBC data

The proposed ANFIS classifier achieves 96.1% accuracy, outperforming logistic
regression and k-NN and closely matching SVM and random forest at significantly better
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interpretability: the learned IF-THEN rules provide transparent, clinically reviewable
decision logic, a critical advantage in medical applications [19].

Table 3. Comparison of classifiers on the WDBC dataset (averaged over 10 stratified

splits).
Classifier Accuracy (%) Sensitivity (%) Specificity (%) AUC
Logistic Regression 95.3 93.1 96.8 0.982
k-NN (k=5) 94.7 924 96.2 0.975
SVM (RBF kernel) 97.1 95.6 98.0 0.991
Random Forest (100 trees) 96.5 94.8 97.6 0.988
ANTFIS (proposed) 96.1 94.5 97.2 0.984
MLP (2 hidden layers, 64+32) 96.8 95.2 97.8 0.990

Connection to fuzzy function formalism. The trained classifier is a fuzzy-valued
function ¢: [0, 1]° — F ([0, 1]) assigning to each normalised feature vector z a membership
distribution over the binary output space. The threshold operation at 0.5 is precisely the
crisp 1-cut of & (z): y"(z) = 1[core(¢ (z)) 3 1]. This observation connects the decision
boundary directly to the a- cut formalism of definition 2.2: the classification margin at any
test point z is uc)(0.5), the membership degree assigned to the threshold itself, and low-
confidence predictions correspond to points where this value is close to one —the fuzzy
boundary region.

3. Results

The analytical results show that the a-cut representation provides a consistent bridge
between fuzzy and classical analysis. In particular, the representation theorem establishes
that a properly nested and left-continuous a-cut family uniquely determines a fuzzy set,
while the extension principle reduces fuzzy image computation to interval analysis for
compact a-cuts [1], [2], [11]. The Hukuhara derivative and Kaleva integral further
demonstrate that fuzzy-valued functions can be treated with calculus-like tools when
their a-cut bounds satisfy the required regularity conditions [9], [10].

The MATLAB demonstrations confirm that nonlinear mappings can transform simple
fuzzy inputs into more complex fuzzy outputs. For the worked example f(x) = x2 with
triangular input A = (1, 2, 3), the output is non-triangular because the a-cut bounds
become quadratic. This finding supports the use of a-cut reconstruction rather than
assuming that common input shapes remain unchanged under nonlinear transformations.

The application results indicate that fuzzy models are competitive in low-dimensional
and expert-informed settings. In the inverted-pendulum case, the Mamdani controller
stabilises the pole from an initial angle of 0.15 rad in approximately two seconds. In the
Mackey—Glass prediction case, ANFIS obtains an RMSE of 0.0094 and an MAE of 0.0071
with 18 seconds of training, substantially lower training cost than the RBF neural network
and LSTM baselines while maintaining comparable error values. In the WDBC
classification case, the proposed ANFIS classifier reaches 96.1% accuracy, 94.5%
sensitivity, 97.2% specificity, and 0.984 AUC, closely matching the strongest machine-
learning baselines while preserving a transparent rule-based structure.

Overall, the results support the central claim of this article: fuzzy functions provide
both a rigorous mathematical representation of uncertainty and a practical computational
basis for interpretable modelling. The strongest empirical advantage appears when the
problem has moderate dimensionality, meaningful linguistic priors, and a need for
transparent decision logic.
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4. Discussion
Strengths and Limitations of Fuzzy Approaches

The case studies illustrate both the power and the boundaries of fuzzy methods.

Strengths. (i) Interpretability: the linguistic rule base is auditable by domain experts,
un- like neural-network weights. (ii) Sample efficiency: ANFIS achieves competitive
performance with far fewer training epochs than deep models. (iii) Prior integration: expert
knowledge can initialise or constrain the rule base, reducing search over an otherwise vast
hypothesis space.

Limitations. (i) Curse of dimensionality: the number of rules grows exponentially with
the input dimension; in high-dimensional spaces, sparse clustering or hierarchical FIS
architectures are necessary [23]. (ii) Non-convex optimisation: ANFIS gradient descent can
converge to poor local minima; random restarts or hybrid (genetic + gradient) strategies
[22] mitigate this.

(iii) Membership-function choice: the initialisation of MF shapes is problem-dependent;
poor initialisation inflates the RMSE and requires more epochs.

Extensions: Type-2 Fuzzy Systems

Classical (type-1) fuzzy sets assign crisp membership values, yet in practice
membership values themselves carry uncertainty. Type-2 fuzzy sets [17] assigh membership
functions whose values are themselves fuzzy sets on [0,1], yielding a third dimension of
uncertainty. An interval type-2

(IT2) fuzzy set, where the footprint of uncertainty is an interval, achieves additional
robustness at modest computational overhead [18] and has shown improved noise
tolerance in control and classification benchmarks.

5. Conclusion

This paper has developed a rigorous mathematical framework for fuzzy functions —
from the foundational set theory of Zadeh and Negoita—Ralescu through Hukuhara
differentiability and Kaleva integration—and demonstrated its practical realisation in
MATLARB across three engi- neering domains.

The key theoretical results are: (i) the representation theorem (theorem 2.6), which
ensures that any a-cut family satisfying monotonicity and left-continuity identifies a
unique fuzzy set;

(ii) the a-cut characterisation of the extension principle (proposition 4.2), which
reduces fuzzy image computation to classical interval analysis under compactness; (iii) the
interval-derivative formula (theorem 4.8), which links H-differentiability to classical
calculus on bound functions; and (iv) the universal approximation theorem (theorem 6.4),
which guarantees that FIS can approximate any continuous function to arbitrary accuracy
on a compact domain.

The empirical results confirm that well-designed fuzzy systems are competitive with
ma- chine learning baselines in terms of accuracy while offering structural interpretability
that deep models currently cannot match. Future work will investigate the integration of
type-2 uncer- tainty handling into the analytical framework, along with rigorous sample-
complexity bounds for ANFIS training analogous to PAC-learning results for neural
networks.
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ATTACHMENT

A  Complete MATLAB Script: Fuzzy Arithmetic Demonstra-
tion,

A=[1, 3 1,3
B=1[2 4 7 2
1 on o= 200;
s |alpha = linspace (0, 1, nl:

A{Z)-A (1) ). *alpha ;
- ! (2)) . *alpha
+ {B{2)-B{1)).*alpha
- {(B{3)-R{2)).*alpha;

% Addition (examct for triamguler)
*|8_1o = A_lo + B_lo;
5§ hi = A hi + B hi;

% Multiplication (approximatel
M_1lo = 4_lo .* B_lo;
N_hi = A_hi .% B_hi;

+ |% Division (E > 0 assumed)
D_lo = 4_lo ./ B_hi;
# | D_hi A_hi f B_lo:

» % Plot alphs-cut bounds
* |figure (" Position”, [100 100 900 2801} ;

subplot (1,3,1);
£i11 {[elpha, fliplr {alphal], [8_le, fliplr (S_hil], ...
[0.4 0.7 1.0], "Fecedlphe', 0.3, "EdgeColor’,'b'};
‘|xlabel {"\elpha’); title ("$\tilde {A}\oplus'tilde{B}§’,” Interpreter’,’
latex’];
vlabel (" Value'); grid om:

" |subplot (1,3,2);
*|£i11 {[elpha, fliplr {alphal], [M_lo, fliplr (M_hil], ...
[0.4 1.0 0.4], °“FeceAlphe', 0.5, *EdgeColor’,’'g'):
xlabel {"alphe’); title {"§%tilde {A}\otimeztilde {E}§', " Interpreter’,’
latex’];

srid om:

subplot (1,3,3);
*|£i11 {[elpha, fliplr {alphal], [D_lo, fliplr (D_hil], ...
[1.0 0.6 0.4], "Facedlphe', 0.3, "EdgeColor’,’'r'};
=zlabel {*Yslpha’); title {*§\tilde {A}\oslachitilde {B}$',  Interpreter’,’
latex’);

" grid om:

*lsgtitle (' Fuzzy Arithmetic: ‘alpha-cut bends’', °Interpreter’, “tex’}:

Listing 8: Self-contained fuzzy arithmetic demo

B TSK FIS for Nonlinear Function Approximation

¥l zin{x). *cos {y)

f true = &(x, y) sin{x).*co={y);

[¥, ¥] = meshgrid {linspace (0, pi, 30), linspace (0, pi, 300 );
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+|Z_true = f_true X, ¥);
data = [X(:), ¥(:), Z_true(:)]1:

7 |% Gen TSK FIS vi tition
fis_init = genfis {data {:,1:2), data{:,
genfisOptions { GridPartition’,’ NumMembership Functions'
' Input Membe

% ANFIS training

v |opt = anfisOptions {' Initial FIS', fis_init,

fis_tsk = anfis {data , opt);

" |Z_pred = reshape {eval fi

fprintf (' Max
max {abe (Z_pred (:)-Z_true {:1)),

{2 MF=

' EpochNumber '

zqrt {mean ({Z_pred (:) -Z_true (:1).72)2):

% Surface comparison

figure:
subplot {1,2,1); surf (X, Y, Z_true,’
title {' £{x, y) sin{x) cos{¥)'): xlabel
» | gubplot {1,2,2); surf (X, ¥, Z_pred,’
title (' TSKE ANFIS af

)y

ximation ') xlabel {"x'):

" none');

R

ach inputl

ylabel {"y")

" gaussmf )]

500 ¢

s{fis_tsk, data{:,1:2)), size{Z truel);
: % 4f RMSE: %.4f\n’,

ylabel {"y'1:

Listing 9: Order-1 TSK approximation of f{x.¥) = sin(x)cos(y)

. [F o3l
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