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Abstract: This study presents a computational simulation of the equitable topological graph G_q, 

which is constructed from a finite non-empty set endowed with the discrete topology. The vertices 

of the graph correspond to all non-empty proper subsets of the underlying set, while adjacency is 

defined according to a complementary-cardinality rule. The main objective of this work is to provide 

computational verification of the theoretical properties previously established for this class of graphs. 

An exact python-based algorithm was developed to generate the graph and compute its principal 

parameters, including the order, size, degree distribution, number of connected components, clique 

number, radius, and diameter. In addition, growth behavior was analyzed for increasing values of n, 

and monte carlo sampling techniques were employed to estimate graph size in cases where exact 

construction becomes computationally expensive. The computational results show complete 

agreement with the theoretical formulas and structural decomposition of the equitable topological 

graph. The study confirms that vertex degrees depend solely on subset cardinality and that the graph 

is connected only for small values of n, becoming disconnected for larger  values. Furthermore, the 

simulations verify the decomposition of G_q into complete bipartite components and, in the even 

case, an additional complete graph corresponding to the middle cardinality class. Monte carlo 

experiments produced highly accurate estimates with very small relative errors, demonstrating the 

effectiveness of sampling methods for large-scale instances. The findings highlight the usefulness of 

computational techniques in validating theoretical results and investigating the structural properties 

of topological graphs when direct analytical or manual construction becomes impractical. 
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1. Introduction 

       This work presents a computational simulation of the equitable topological graph 

G_q. The purpose of the simulation is to support the theoretical results obtained 

previously through an exact Python implementation. The graph is generated from a finite 

non-empty set X equipped with the discrete topology, where the vertices are all non-

empty proper subsets of X [1], [2], [3]. Two distinct vertices A and B are adjacent whenever 

the cardinality of B is equal to the cardinality of the complement of A. The computational 

simulation is not intended to replace mathematical proofs; rather, it provides numerical 

and visual verification of the structural properties of G_q. For small values of n, the graph 

can be constructed and visualized directly. However, as n increases, the number of 

vertices grows exponentially according to |V(G_q )|=2^n-2 making manual construction 

impractical. Therefore, computational methods become useful for verifying graph 

parameters such as order, size, degree sequence, connectivity, clique number, radius, 

diameter, and growth behavior [4]. In addition, computational analysis provides further 
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confirmation of several graph-theoretical and domination-related properties studied in 

discrete topological graphs [5], [6], [7], [8] and in the broader graph theory literature [9], 

[10]. 

 

2. Materials and Methods 

This section presents the methodology used to construct the graph 𝐺𝑞 , compute and 

verify its theoretical parameters, estimate large cases, and generate visualizations for 

selected values of 𝑛. The procedure combines exact enumeration, analytical 

benchmarking, and probabilistic estimation under a reproducible computational design. 

Research Design 

The main purpose of the simulation is to verify the theoretical results concerning 𝐺𝑞  

by means of exact computation. The Python program constructs the vertex set, determines 

the edge set according to the complementary-cardinality rule, and then computes graph 

parameters such as the order, size, number of connected components, minimum degree, 

maximum degree, clique number, radius, and diameter. The simulation also provides 

visual representations for small values of n and growth plots for larger values. These 

outputs help clarify the behavior of the graph and show how quickly the number of 

vertices and edges increases as n becomes large. The implementation used Python as the 

programming language [11], NetworkX for graph representation and parameter 

computation [12], and Matplotlib for the generation of publication-quality plots [13]. 

Graph Construction and Exact Enumeration of 𝑮𝒒 

The simulation was implemented in Python by following the mathematical definition 

of 𝐺𝑞  exactly. For a given integer 𝑛, the program first constructs the finite set 𝑋 =

{1, 2, . . . , 𝑛}. Then, it generates the power set 𝑃(𝑋) and removes the empty set and the full 

set 𝑋. The remaining subsets form the vertex set of 𝐺𝑞 ∶ 𝑉(𝐺𝑞) = 𝑃(𝑋) − {∅, 𝑋}. After 

constructing the vertex set, the program checks every unordered pair of distinct vertices 

𝐴 and 𝐵. An edge is inserted between 𝐴 and 𝐵 if and only if the following adjacency 

condition is satisfied: 𝐴𝐵 ∈ 𝐸(𝐺𝑞) ⇔ |𝐵| = |𝐴𝑐| = 𝑛 − |𝐴|. This means that a vertex of 

cardinality 𝑘 is adjacent exactly to vertices of cardinality 𝑛 −  𝑘. When 𝑛 is even and 𝑘 =

𝑛 2⁄ , the corresponding vertices form a complete graph, since every such vertex has 

complementary cardinality 𝑛 2⁄ . Otherwise, the vertices of sizes 𝑘 and 𝑛 −  𝑘 form a 

complete bipartite component. The exhaustive enumeration and pairwise adjacency 

procedure follow standard finite-set and graph-algorithm design principles [14]. 

Computational Environment and Simulation Parameters 

Table 1. Simulation parameters 

Parameter Description 

Programming language Python 

Graph construction method Exact enumeration for small and moderate 𝑛 

Vertex rule All non-empty proper subsets of 𝑋 

Adjacency rule 𝐴𝐵 is an edge if and only if |𝐵| = |𝐴𝑐| 

Exact verification range 2 ≤ 𝑛 ≤ 10  

Visualization range 𝑛 =  2, 3, 4, 5 

Monte Carlo range 𝑛 =  12, 14, 16, 18, 20 

Monte Carlo samples 200000 random vertex pairs for each 𝑛 

Random seed 2026, for reproducibility 

 

Analytical Benchmarks and Verification Criteria 

The numerical outputs of the program were compared with theoretical formulas 

derived from the structural decomposition of G_q. For odd n, the graph is a disjoint union 

of complete bipartite graphs. For even n, it is a disjoint union of complete bipartite graphs 

together with one complete graph corresponding to the middle cardinality class. 

For odd n, G_q is the disjoint union of the complete bipartite graphs K[C(n,i), C(n,n−i)] 

for i = 1, 2, ..., (n−1)/2. 

For even n, the same disjoint union runs from i = 1 to n/2 − 1 and is supplemented by 

the complete graph K[C(n,n/2)]. 

https://cajmtcs.casjournal.org/index.php/CAJMTCS
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Accordingly, the number of edges used for verification is computed as follows: 

For odd n, |E(G_q)| equals the sum of [C(n,i)]² from i = 1 to (n−1)/2. 

For even n, |E(G_q)| equals the sum of [C(n,i)]² from i = 1 to n/2 − 1, plus C(C(n,n/2), 

2). 

The degree of a vertex represented by a subset A with |A| = k depends only on the 

complementary cardinality n − k. Specifically, deg(A) = C(n,n − k) when k ≠ n/2, whereas 

deg(A) = C(n,n/2) − 1 when k = n/2; the subtraction excludes a loop in the middle complete 

component. 

Monte Carlo Estimation Procedure 

        For values of n beyond the exact-construction range, the study estimated the edge 

count by sampling 200,000 unordered pairs of distinct non-empty proper subsets. The 

estimated adjacency probability p_hat was converted to an edge estimate using E_hat = 

p_hat N(N - 1)/2, where N = 2^n - 2. A fixed random seed of 2026 was used to make the 

estimates reproducible. This sampling strategy follows established Monte Carlo 

simulation principles [15]. 

Validation and Reproducibility 

Validation was performed at three levels. First, exact vertex and edge counts were 

compared with the closed-form formulas. Second, the computed degree distribution, 

connected components, clique number, radius, and diameter were checked against the 

predicted component decomposition. Third, Monte Carlo estimates were compared with 

exact edge counts through relative error. The exact verification range was n = 2–10, 

visualizations were produced for n = 2–5, and Monte Carlo estimation was applied to n = 

12, 14, 16, 18, and 20. 

 
3. Results 

Verification of Order, Size, and Main Parameters 

Table 2 compares the exact theoretical values with the values obtained by the Python 

simulation. The results confirm that the computational construction produces the same 

order, size, and number of connected components predicted by the theoretical structure 

of 𝐺𝑞 . 

Table 2. Verification of the main parameters of G_q. 

𝒏 Vertices 
Sim 

Vertices 
Edges 

Sim 

Edges 

Compo

nents 

Sim 

Compo

nents 

Min 

degree 

Max 

degree 

Clique 

number 

2 2 2 1 1 1 1 1 1 2 

3 6 6 9 9 1 1 3 3 2 

4 14 14 31 31 2 2 4 5 6 

5 30 30 125 125 2 2 5 10 2 

6 62 62 451 451 3 3 6 19 20 

7 126 126 1715 1715 3 3 7 35 2 

8 254 254 6399 6399 4 4 8 69 70 

9 510 510 24309 24309 4 4 9 126 2 

10 1022 1022 92251 92251 5 5 10 251 252 

Degree Distribution Verification 

The simulation also confirms that the degree of a vertex depends only on the 

cardinality of the subset represented by that vertex, not on the specific elements contained 

in the subset. Table 3 shows selected degree classes for several values of 𝑛. 

 

Table 3. Degree distribution by subset cardinality. 

𝒏 Subset size 𝒌 Number of vertices Degree 

4 1 4 4 

4 2 6 5 

4 3 4 4 

https://cajmtcs.casjournal.org/index.php/CAJMTCS
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5 1 5 5 

5 2 10 10 

5 3 10 10 

5 4 5 5 

6 1 6 6 

6 2 15 15 

6 3 20 19 

6 4 15 15 

6 5 6 6 

8 1 8 8 

8 2 28 28 

8 3 56 56 

8 4 70 69 

8 5 56 56 

8 6 28 28 

8 7 8 8 

10 1 10 10 

10 2 45 45 

10 3 120 120 

10 4 210 210 

10 5 252 251 

10 6 210 210 

10 7 120 120 

10 8 45 45 

10 9 10 10 

 

Structural Property Verification  

Table 4. Structural properties of G_q. 

𝒏 Connected? Radius Diameter Component structure 

2 Yes 1 1 K_{2} 

3 Yes 2 2 K_{3,3} 

4 No ∞ ∞ K_{4,4} ∪ K_{6} 

5 No ∞ ∞ K_{5,5} ∪ K_{10,10} 

6 No ∞ ∞ K_{6,6} ∪ K_{15,15} ∪ K_{20} 

7 No ∞ ∞ K_{7,7} ∪ K_{21,21} ∪ K_{35,35} 

8 No ∞ ∞ 
K_{8,8} ∪ K_{28,28} 

∪ K_{56,56} ∪ K_{70} 

9 No ∞ ∞ 
K_{9,9} ∪ K_{36,36} 

∪ K_{84,84} ∪ K_{126,126} 

10 No ∞ ∞ 

K_{10,10} ∪ K_{45,45} 

∪ K_{120,120} ∪ K_{210,210} ∪ 

K_{252} 

 

The table verifies that 𝐺𝑞  is connected only for 𝑛 = 2 and 𝑛 = 3. For 𝑛 ≥ 4, the graph 

becomes disconnected because the adjacency relation links only complementary 

cardinality classes. Therefore, the radius and diameter are infinite for 𝑛 ≥ 4 under the 

usual convention for disconnected graphs. 

Growth Analysis for Larger Values of 𝒏 

The growth analysis shows that the order and size of 𝐺𝑞  increase rapidly as n 

increases. Although the component structure is theoretically clear, the direct construction 

of all vertices and all edges becomes increasingly expensive. This justifies the use of 

computational verification and sampling methods for larger values of 𝑛. 
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Growth of the order of 𝐺𝑞  

 
Figure 1. Growth of the number of vertices of 𝐺𝑞 . 

 

Growth of the size of 𝐺𝑞  

 
Figure 2. Growth of the number of edges of 𝐺𝑞 . 

 

 
Figure 3. Growth of the maximum degree of 𝐺𝑞 . 

 

Density of 𝐺𝑞  

 
Figure 4. Density of 𝐺𝑞  as 𝑛 increases. 
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Monte Carlo Sampling for Large Cases 

For larger values of 𝑛, monte carlo sampling was used to estimate the probability that 

two randomly selected distinct vertices are adjacent. In each trial, two non-empty proper 

subsets 𝐴 and 𝐵 of 𝑋 were selected randomly. The pair was counted as adjacent whenever 

|𝐵| = 𝑛 − |𝐴|. If p denotes the estimated adjacency probability and 𝑁 = |𝑉(𝐺𝑞𝑛)|, then the 

estimated number of edges is |𝐸(𝐺𝑞)| ≈ 𝑝 (
𝑁
2

). Monte carlo sampling is not a proof of the 

theoretical formulas. It is a numerical tool that provides an efficient approximation when 

exact construction is computationally costly. 

 

Table 5. Monte Carlo estimation of the size of G_q. 

𝒏 Samples 
Estimated 

𝒑 

Estimated 

Edges 
Exact Edges 

Relative 

Error (%) 

12 200000 0.162115 1358260 1351615 0.4916 

14 200000 0.148820 19968187 20056583 0.4407 

16 200000 0.140425 301537384 300533759 0.3339 

18 200000 0.132580 4555327226 4537543339 0.3919 

20 200000 0.125745 69128715185 68923172031 0.2982 

 

 
Figure 5. Relative error of Monte Carlo edge estimation. 

 

Graph Visualizations 

       Figures 6-9 illustrate the structure of 𝐺𝑞  for small values of 𝑛. The vertices are 

arranged by subset cardinality, so that the complementary-cardinality adjacency rule can 

be seen visually. For 𝑛 = 2, the graph is 𝑃2. For 𝑛 = 3, it is 𝐾3,3. For 𝑛 = 4 and 𝑛 = 5, the 

graph separates into disjoint components as predicted by the theoretical results. 

Equitable Topological Graph 𝐺𝑞  for 𝑛 = 2 

 
Figure 6. Visualization of 𝐺𝑞  for 𝑛 =  2. 

 

Equitable Topological Graph 𝐺𝑞  for 𝑛 =  3 

 
Figure 7. Visualization of 𝐺𝑞  for 𝑛 = 3. 
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Equitable Topological Graph 𝐺𝑞  for 𝑛 = 4 

 
Figure 8. Visualization of 𝐺𝑞  for 𝑛 =  4. 

 

Equitable Topological Graph 𝐺𝑞  for 𝑛 = 5 

 

 
Figure 9. Visualization of G_q for n=5. 

 

4. Discussion 

The computational results support the theoretical analysis of equitable topological 

graphs. The exact Python simulation agrees with the theoretical order, size, component 

structure, degree parameters, clique number, radius, and diameter. The simulations also 

highlight the dependence of degree on subset cardinality: all vertices corresponding to 

subsets of the same cardinality have the same degree. Moreover, the visualizations 

confirm the decomposition of 𝐺𝑞  into complete bipartite components and, for even 𝑛, an 

additional complete graph on the middle cardinality class. The Monte Carlo experiment 

provides an additional numerical perspective by estimating the probability of adjacency 

between two randomly selected vertices. This is particularly useful for large values of 𝑛, 
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where constructing all possible edges may become expensive. The small relative errors 

obtained from 200000 random trials indicate that sampling can effectively approximate 

the global size behavior of 𝐺𝑞 , while the exact mathematical formulas remain the primary 

reference. 

 

5. Conclusion 

This computational study verifies the principal theoretical properties of the equitable 

topological graph G_q using Python. The simulation confirms that the vertex set has order 

2^n − 2 and that the edge set follows directly from the complementary-cardinality 

adjacency condition. The numerical results agree with the theoretical decomposition into 

complete bipartite and complete components. The growth tables, visualizations, and 

Monte Carlo estimates further demonstrate the usefulness of computational methods for 

studying G_q as n increases. Thus, the simulation provides consistent numerical and 

visual support for the mathematical results established in the theoretical analysis. 
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