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problem of solving the integro-differential equation to the solution of an algebraic
problem. Results: Numerical analysis suggests that the transition to the frequency
domain is indeed valid but exhibits a noticeable reduction in rate of convergence, which
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Non-integer operators goes from O(N ?) in normal situations to O(N ™) for the anomalous case. We further
Impulsive dynamics consider sustained oscillations induced by impulse-like forcing. Novelty: The
Frequency domain analysis traditional approach using finite difference method is known to have stability issues
Oscillatory artifacts when dealing with anomalous diffusion as well as impulses like Dirac delta functions.

Fundamental solutions

INTRODUCTION

The behavior of the systems with some constraints has always been an important
aspect of applied mathematics researches. The investigation of the thermal dispersion
process, fluid dynamics, and structural stability requires the use of differential equations
subject to some constraints [1, 2]. The solution of the governing equation according to the
given constraints should be found [3, 4]. Mathematicians have been employing integer
calculus for the solving of these problems during many years already. However, many
engineering problems cannot be solved using traditional approaches nowadays.

Consider materials with memory, which means that they can remember previous
deformations or fluids, which demonstrate non-Newtonian flow. These aspects cannot
be considered by means of ordinary derivatives. Consequently, it is necessary to employ
fractional calculus. This branch of mathematics has become something more than pure
scientific interest nowadays because it is indispensable [5, 6]. Unlike derivatives,
integration operators calculate the entire process of transformation, not just one moment
of time [7, 8]. That is why they are so valuable in the modeling of the behavior of
viscoelastic materials and in signal processing [9, 10, 11]. Unfortunately, introducing
these features into the system with some constraints complicates the problem
significantly.

Moreover, the problem becomes even more challenging if the system is governed
by stochastic or impulse control. For instance, in practice, energy input occurs through
impulses, whose mathematical representation requires the usage of certain distributions,
including the famous Dirac delta function [12]. Because impulses control the reaction, a
traditional continuous solution concept is inappropriate, and one should search for the
solution among distributions [13, 14]. Even though this process has an established
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foundation within functional analysis, its numerical realization remains a hard nut to
crack.

The frequency domain transforms offer an additional powerful tool to avoid the
difficulties of the spatial domain. One need not tackle a differential operator at all but
project the function under consideration along with the excitation source on a set of
orthogonal harmonics [16, 17]. Thus, complex integro-differential equations can be
simplified into algebraic problems [18]. Additionally, harmonic decomposition
automatically introduces generalized functions. In light of that, because the spectral
representation of the delta function is known, point loads can be modeled without
suffering from computational instability related to grids [19].

The applicability of the frequency domain method hinges on the decay speed of
truncation error. For ordinary systems whose input functions are smooth, the decays
happen quickly to result in a superb bound of O(N2). In contrast, non-integer order
derivatives impose limits on smoothness of solutions to slow down the decays to O(N™).
To characterize such an obstacle formally, we present the following proposition.
Proposition 1 (Truncation Decay)

Let w be the exact solution of the anomalous equation D*aw =h on (0,1) satisfying
homogeneous boundary conditions. Assume that the source term h is sufficiently
smooth. Then the L2 error of its spectral truncation w_N can be bounded by | |w -
w_N| | _{L?} £ K N*{-a}, where K is a positive constant.

Proof Sketch

For the exact solution w of the problem, the spectral weight satisfies w_n=h_n /
p_n"a with p_n = (nm)2. Using the law of energy conservation, we obtain the bound of
Y _{n=N+1}"o (h_n/(nm)"{2a})? for the squared error. Bounding the coefficients of the
source term and switching to an integral lead to an asymptotic behavior of O(N*{1-2a}).
Taking the square root results in the convergence rate O(N{—a+1/2}).

RESEARCH METHOD
Structural Architecture and Methods
System Constraints and Boundaries

We begin by establishing the physical domain. Let I' © R" represent a finite region
bounded by a sufficiently regular surface oI'. The core dynamic we aim to resolve is
expressed as:

Plw(z)]=h(z), z€I, (1)
Clw(z)]=v(z), z€adl. (2)

In the above formula, P stands for the differential operator governing the linear
equation and may be expressed in terms of regular or fractional-order derivatives. The
dependent variable here is w(z), while the excitation in the problem is given by h(z) and
may constitute a highly localized force.

Anomalous Differentiation

Selecting the appropriate non-integer operator is crucial. For variables w €

AC”m([0,T]), we utilize the history-dependent formulation of order a € (m—1, m):
D aw(z) = 1/T(m=-a) -Jo* (z—1)N(m-a-1) w(m)(x) dr, a € (m-1, m). (3)

This specific formulation is favored in physical modeling because it permits the
use of standard initial conditions, which align with observable data [20, 21]. A critical
component in solving these systems is the generalized exponential function:

E_{a,p}(s) =2_{k=0}"o s"k/I(ak+p), s€C, a, p>0 (4
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This series naturally emerges when decomposing anomalous operators into their
fundamental modes [22, 23].

Generalized Forcing and Fundamental Solutions
When the excitation h(z) is a concentrated impulse &_{zo}, standard function spaces
are inadequate. The system's response is defined by its fundamental solution, or Green's
function G(z, zo), satisfying:
P[G(z, z0)] =0(z —20), z €I, (5)
C[G(z, z0)] = 0, z €adl. (6)
For a basic one-dimensional string model governed by P = —d2/dz? on [0,1] with
fixed ends, the fundamental solution takes a piecewise linear form:
G(z, 2z0) ={ z(1-20), 0<2< 20
{zo(1-2), zo0<z<1 (7)
Spectral Projection Strategy
Our computational strategy relies on projecting the target variable w(z) onto an
orthogonal harmonic basis:
w(z) = X_{n=1} o w, sin(nnz/L), w,=2/L ‘lotw(z) sin(nnz/L) dz. (8)
Substituting this projection into the governing equations exploits the
orthogonality of the basis functions. The differential complexity is reduced to an algebraic
relation: w, = h, / p*a, where p, = (n11/L)? are the spatial eigenvalues. Truncating this
series at N modes provides our numerical estimate.

RESULTS AND DISCUSSION
Results

Computational Validations
Integer-Order System Verification

To establish a baseline, we first evaluated the spectral algorithm on a standard
integer-order model driven by a composite source:

—w"(z) = n? sin(nz) + 912 sin(3nz), z €(0,1), w(0)=w(1)=0. (9)

The precise analytical solution of the problem is w(z) = sin(niz) + sin(3nz). It can
be seen from the information presented in Table 1 that the computational algorithm
accurately identifies the coefficients of the theoretical solution with zero error. The
presence of the harmonic with frequency n = 3 shows how spectral analysis develops
progressively. Figure 1 confirms that a one-mode representation (N = 1) does not provide
an adequate result, while a ten-mode solution completely reproduces the exact wave
pattern.

Table 1. Spectral coefficients for the composite smooth source f(x) = n%sin(rx) +

9%sin(3mx).
SOURCE
MODEN  AMPLITUDE EIGENVALUE THEORETICAL NUMERICAL
- A, = (NTI)2 U, U,
1 2~ 9.870 2~ 9.870 1.00000 1.00000
2 0.000 4?2~ 39.478 0.00000 0.00000
3 92 ~ 88.826 92 ~ 88.826 1.00000 1.00000
4 0.000 lém? ~157.91 0.00000 0.00000
5 0.000 25m? ~ 246.74 0.00000 0.00000

Journal for Technology and Science 30



Spectral Decomposition Strategies for Anomalous Diffusion and Impulsive Boundary Value Systems

1.6

1.4 1

Figure 1. Spectral reconstruction of the composite response for N =1, 3, and 10 modes,
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compared against the theoretical profile w(z) = sin(niz) + sin(3mnz).

Response to Discontinuous Excitation

An assessment in light of sharp jumps constitutes a more demanding test of the
technique. A jump function was selected: h(z) = 1 if z < 0.5, otherwise h(z) = -1. The
spectral weights in this case are listed in Table 2. The sharp change makes the coefficients
decrease slowly as 1/n. The slow decline in the spectral weights triggers the emergence

of Gibbs phenomenon illustrated further in Figure 2.

Table 2. Sine expansion parameters for the discontinuous step function f(x) = sgn(x —

0.5).

MODE N EXACT F, ESTIMATEDF,  DEVIATION
1 1.2732 1.2731 1.0 x 10
2 0.0000 0.0000 0
3 0.4244 0.4243 1.0 x 10
4 0.0000 0.0000 0
5 0.2546 0.2546 <50x10°
6 0.0000 0.0000 0
7 0.1819 0.1819 <50x10°
8 0.0000 0.0000 0
9 0.1415 0.1415 <5.0x10°
10 0.0000 0.0000 0
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Figure 2. Oscillatory artifacts (Gibbs phenomenon) near a step discontinuity for varying
truncation limits N, highlighting the persistent ~9% overshoot.

Anomalous System Dynamics

We subsequently transitioned to an anomalous model governed by an index a
between 1 and 2:

DMaw(z) =sin(nz), z €(0,1), w@0)=w(1)=0, a€e(,2). (10)

The analytical resolution of this system necessitates the generalized exponential
function from equation (4). However, the spectral projection simplifies the modal
coefficients to:

Wy =h/ " a=h,/(mm)™a, n=1,23 .. (11)

As for the case of the exponent equal to a = 1.5, the dominant eigenvalue is
modified to " {1.5} = 5.568, giving rise to the fundamental weight of about 0.1795. This
increase of the maximum value of the amplitude of the response is seen in Table 3 for
various exponents. The reduction of the value of a from 2.0 to 1.2 leads to a rise of the
maximum value from 0.10132 to 0.25260.

Table 3. Maximum response amplitudes for various fractional indices a, evaluated
using the spectral projection.

INDEX A EFFECTIVE MODE WEIGHT MAX
ANA U AMPLITUDE
2.0 (INTEGER) 9.8696 0.10132 0.10132
1.8 7.2124 0.13866 0.13866
1.5 5.5683 0.17957 0.17957
1.2 3.9593 0.25258 0.25258

Fundamental Solution for Impulsive Sources
We simulated a system subjected to a concentrated impulse h(z) = 6(z — zo). The
spectral representation of the resulting fundamental solution is:
G(z, z0) = 2_{n=1}"o (2/u,) sin(nnzo) sin(nnz), p.= (nmw)>. (12)
This expansion can be plotted for a central impulse (zo = 0.5) as shown in Figure 3.
The triangular nature seen from this plot fits well with the piecewise definition of
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equation (7), thus confirming the reliability of the frequency-domain analysis even for
handling severe singularities.

0.25 1 : —— G(X, Xo), Xo=0.5
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Figure 3. Reconstructed fundamental solution G(z, zo) for a central impulse at zo = 0.5,
matching the theoretical piecewise geometry.

Discussion

It is evident from the computational results provided in Section 3 that spectral
projection is an extremely efficient technique for solving intricate spatial models. As
proved through the integer order case in Section 3.1, when the true solution conforms to
the harmonic basis, the algorithm yields exact reconstruction.

On the contrary, a close inspection of the error estimates in Figure 4 reveals an
important computation drawback. While integer order solutions can be estimated
efficiently owing to their fast O(N2) rate of decay, this rate cannot exceed O(N™) for
anomalous models. Proposition 1 mathematically proves this important point.

Problems associated with discontinuities are equally apparent. As shown in Figure
2, oscillations associated with overshoot around a step change do not diminish even
when more modes are used; they only get spatially squeezed. Accurate solutions around
the step change require further filters, for example, Cesaro averaging [24, 25].

On the contrary, the success in the reconstruction of the fundamental solution in
Figure 4 can be considered an important strength of this approach. Indeed, because of the
nature of the fundamental solution as a building element for solving arbitrary excitations
through the convolution, its correct approximation allows for wide-ranging physical
simulations [26, 27].
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Figure 4. Truncation error decay for the integer-order model (a = 2) versus anomalous
models (a = 1.5 and a = 1.2), validating the theoretical bounds of Proposition 1.
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Figure 5. Impact of the anomalous index a on the spatial response profile,
demonstrating reduced attenuation at lower indices.

CONCLUSION
Fundamental Finding : Important findings from this work include: accurate

representation of responses aligned with harmonics; natural convergence rate in
anomalous systems being O(N™); ability to represent impulses effectively without
breaking down; and persistence of oscillations close to discontinuity. Implication : In this
analysis, it has been shown that the projection technique based on frequency domain is
effective for solving problems involving anomalous differential equations and impulses.
Limitation : It is necessary to develop an algorithm for filtering oscillations, which will
be done using adaptive filtering. Future Research : For future work, attention should be
paid to expanding the spectral approach to more complex multi-dimensional anomalous
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tields. Ultimately, this approach should become part of viscoelastic wave propagation
modeling [28, 29, 30].
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