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ABSTRACT 

Many researchers in many fields have experienced tipping point to 
their complex systems (as in financial markets, in ecological system), 
but no one has experienced in platforms ecosystem systems. One of 
the biggest issues those platforms ecosystem can face: is the collapse. 
The risk of approaching to the tipping point is unknown. Complex 
dynamical system ranging from ecosystem to economy can collapse 
anytime, but predicting the point where the collapse can occur is 
difficult. We built a mathematical model (S-C model) which 
incorporating the dynamics, interactions and mutualistic network for 
platform ecosystem. We use this model to predict the key factors 
driving platforms ecosystem to collapse. To get our predictions we 
used an approximation method to get rid from complexity without 
losing much generality and still explain the same dynamics. To 
achieve our results we used matlab software and solved the reduced 
model. The inevitable factors that lead to collapse are suggesting to 
be used as early indicators of dramatic changes. We developed a 
system dynamics model of platform (group of suppliers and 
consumers) that includes: growth, churn, competition, alliance, 
negative interaction and mutual interaction between users. We use 
this model to simulate various development paths by varying 
different factors, which affect the platform’s ecosystem model. Our 
simulation results show that: ds, dc, Bij, λij, and h are the key factors 
driving the platform ecosystem to collapse. 
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I. INTRODUCTION 

There is now an emerging need to show performance 
in real-time, as more and more customers are looking 
for nimble and secure platforms that can be agile 
enough to move grow and change with them. 
Platforms are among the most successful business 
models. However, not all platforms are successful; 
rather, many platforms fail because they do not attract 
enough users and do not solve the main challenge of 
reaching the tipping point [1].In recent years many 
efforts have been made to understand the mechanism 
of sudden collapse due to small changes that 
happened in the system. Tipping points depend on the 
existence of multiple distinct stable fixed points [14]. 
Complex and nonlinear ecological networks can 
exhibit a tipping point at which a transition to a global 
extinction state occurs [2]. The point at which a 
system can move from one stable state into another is 
called tipping point (or threshold) [8]. When the 
instability comes after stability it creates a tipping 
point in any system (disequilibrium) [9] [12]. This  

 
critical point may come because of small changes in 
the system [9]. A tipping point is where a small 
intervention leads to large and long-term 
consequences for the evolution of a complex system 
[13]. Complex dynamical systems, ranging from 
ecosystems to financial markets and the climate, can 
have tipping points at which a sudden shift to a 
contrasting dynamical regime may occur [7]. Many 
important ecosystems may currently be threatened 
with collapse [3] like platform ecosystem. Nonlinear 
stochastic complex networks in ecological systems 
can exhibit tipping points [5]. The moment at which 
sudden change occurs in complex networked systems 
may offer insights that prevent colony collapse 
disorder [7]. Complex networked systems ranging 
from ecosystems and the climate to economic, social, 
and infrastructure systems can exhibit a tipping point 
at which a total collapse of the system occurs [4]. To 
predict tipping point is an outstanding and extremely 
challenging problem. Tipping points are difficult to 
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anticipate or detect. The initial change may be 
gradual but then rapidly accelerate as a tipping point 
is approached. Nonlinearly responding systems can 
change disproportionally to small changes in stressors 
with little or no warning [6]. It is becoming 
increasingly clear that many complex systems have 
critical thresholds so-called tipping points at which 
the system shifts abruptly from one state to 
another[7]. Critical slowing down appears to be 
generic for a wide class of local bifurcations (7), at 
which the current equilibrium state of a system loses 
stability before being replaced by another equilibrium 
state [9]. The theoretical study of two-sided markets 
began gaining attention in the early 2000s 
[18,19,20,21,22,23,24] 

This paper defines a new math model of the platform 
ecosystem; we take help from a Lotka-Voltera model 
based on [15, 16, 17]. We build up a large number of 
connected users (set of interacting elements). Our 
model represents both suppliers and consumers 
growth, suppliers and consumers churn, competition 
within consumers (interspecific and intraspecific), the 
alliance within suppliers, the negative interaction 
within consumers and the mutual interaction between 
suppliers and consumers this model developed based 
on the Lotka-Voltera one. The competition within the 
platform can be compared to predators and prey; the 
difference is that the competing companies are 
predators and preys simultaneously. Each one tries to 
be the best and the market leader. In [25] Guofu Tan 
and Junjie Zhou said that if a platform competition 
increase, prices and platform profits can increase 
while consumers surplus can decrease. While the 
alliance can be compared to plants and pollinators, 
the plant needs pollinators either pollinators do not 
need the plant. However, in the alliance of companies 
representing mutual benefit, each one needs the 
others. The negative interaction within consumers 
bans the platform from growing, for example if a 
consumer “I” share his bad experience in the platform 
with other consumers, he helps the others to do not 
fall in the same bad situation, but this act will cause a 
very dangerous damages for the platform, many 
consumers will drop out from the platform and find a 
suitable one. 

II. METHODOLOGY 

The model used in this research is a pair of non-linear 
differential equations of the first order. It describes 
the dynamics of our system, including different 
interactions. The model developed in this study is 
based on the Lotka-Voltera approach, which also a 
couple of differential equations of first order but used 
to describe the dynamics of a biologic system 
(predator-prey). The evolution of the platform 
ecosystem used in this study is as follow: 
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Where Si and Ci are the numbers of suppliers and 
consumers, respectively, ri represent the growth rate 
for each supplier in group i (without interspecific and 
interspecific competition). This rate (ri) is the 
percentage change in the number of vendors during 
the time. (µ i) is the growth rates of consumers. (Bij) 
represents the coefficient of competition between the 
supplier in group i and group j. Whereas (µ ij) is the 
coefficient of mutualistic interaction (alliance or 
partnership) between suppliers in group i and in group 

j. (λij) is the coefficient of the negative interaction 

within consumers 
( )iS

ik
γ and 

( )iC

ik
γ while, h is the half-

saturation point (is a constant which limits the 
number of suppliers and consumers). 
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Where the dynamical variables Seff and Ceff are 
effective or the average number of suppliers and 
consumers, respectively. (r1) and (µ1) are effective 
growth rates for suppliers and consumers, 
respectively. B is the parameter that characterized the 
effect of the intraspecific and interspecific 
competition; δ and λ are the parameters that 
characterize the effects of an intraspecific and 
interspecific alliance of suppliers and negative 
interaction within consumers (respectively). 

( )iS

ijγ And ( )iC

ijγ  are the effective mutualistic 

strength associated with the suppliers and consumers, 
respectively. We have r = r1 –ds, and µ= µ1 - dc. 
Where r1 and µ1 are the suppliers’ and consumers’ 
subscription rates (respectively), while ds and dc are 
the suppliers’ and consumers’ churning rates 
(respectively).
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From equation (3) we can see that (0, 0) is one of the 
roots of this equation, the other root can be written as 
follows: 
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We can write also: 
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We have r = r1-ds and µ = µ1-dc. Where r1 and 
µ1 are the suppliers’ and consumers’ 
subscription rates, while ds and dc are the 
suppliers’ and consumers’ churning rates. 

The solutions of Eq.4 can be conveniently 
expressed in terms of the following quadratic 
equation for (Seff) and (Ceff): 
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Figure 1: The effect of competition coefficient (within suppliers) and negative interaction (within 

consumers) on the tipping point. These graphs show the shut- ting down of equilibrium point. 
Competition and negative interaction are key factors that increasingly lead to collapse. For each 

network, the parameter values are: ⟨γS⟩ = ⟨γC⟩ = 1, r1 = 0.3, µ1 = 0.3, δ = 0.1, h = 0.7, ds = 0 
and dc= 0 
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Figure 2: The effect of the interaction strength coefficient on the number of consumers and 

suppliers. For each network, the parameter values are: Bii = 1, 

Bij = 0.5 r1 = 0.3, δ = 0.1, ds = 0.1 
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Figure 3: The effect of the growth rate on the tipping point (Supplier side). For each network, the 
parameter values are for left graph are: ‹ γS ›= ‹ γC ›= 1, δ = 0.1, h = 0.5, ds = 0 Bii = 1. For 

right graph are: ‹γS›= ‹ γC ›= 1, δ = 0.1, h = 0.5, Bii = 1 and Bij = 0.3 
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Figure 4: The effect of the growth rate on the tipping point (Consumer side). For each network, the 

parameter values of left graph are: ‹ γS ›= ‹ γC › = 1, h = 0.7 and λij = 0.1. For right graph are: ‹ γS ›= ‹ 
γC › = 1, dc = 0 and λij =0.1. 
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Figure 5: The effect of the churning rates on the number of consumers and suppliers. For each network, the 
parameter values are: µ1 = 0.15, λii = 1, λij = 0 and l = 0.5 but in the second graph for Seff we have r1 = 0.7, 

l=0.5, Bii=1, Bij=0. 
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Figure 6: The effect of the interaction strength on the number of consumers and suppliers (3D graph). For 

each network we have: first graph from the left we fixed δij = 0, Bij = 0, r1 = 0.3, ds = 0.1, and h = 0.2. 
Second graph to the right we have: δij = 0.1, Bij = 0.1, r1 = -0.3, ds = 0.1, and h = 0.2. Third graph we have: λij 
= 0.1, µ1 = -0.3, dc = 0.1, and h = 0.2. Fourth graph we have: δij = 0.1, Bij = 0.1, r1 = 0.3, ds =0.1, and h = 0.2. 

The last graph we have: λij = 0.1, µ1 = 0.3, dc = 0.1, and h = 0.2. 

III. DISCUSSION AND RESULTS 

In this work we present an approach to measure the points of collapse for suppliers and consumers. The 
proposed model incorporates growth, internal perturbation (churning), competition, alliance, and mutualistic 
interaction between suppliers and consumers. As a result of management, we suppose that there are economic 
changes, so that some parameters will increase while some others will decrease, rendering inevitable eventual 
collapse of our system. From the figures we made, we can conclude the factors that lead to collapse. We have 
adopted an approximation theory to understand the mechanism of the system and controlling its equilibrium 
point. In particular we aim to predict the factors that cause the collapse. The basic idea is to find the point from 
which our system switches from a high stable steady state to a low stable steady state. We present results with 6 
figures, we vary γS, γC , ds, dc, r1, µ1, Bij, δij, λij, h and l, systematically and study whether a reduction of these 
parameters may lead to a tipping point. 
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In figure1 the parameters are fixed: h = 0.7; ‹γS›=‹γC›= 1; r1 = µ1 = 0.3; δ = 0.001; Bij ϵ [0, 1], λ ϵ 
[0, 1] and ds=0, these 2 graphs show the shutting down of the equilibrium point. The effect of 
competition is increasingly leading to fast collapse, and especially for Seff and Ceff we can see clearly 
the change down. Green line shows how the number of suppliers goes down, due to the rising of the 
competition coefficient Bij, while the blue line shows the decreasing of the number of consumers due to the 
rising of λij. The result shows that our model containing at least two key factors (B and λ) that can 
provoke the fast decreasing number of users in the platform whenever the interspecific competition Bij and 
the negative interaction (interspecific) λij are increasing, the equilibrium tends to collapse. (It’s unwanted that Bij 

and λij increase, also some others parameters value are affecting positively the collapse; but we can’t discuss 
them in only one figure, for that we made other figures that make things more clear. In figure 2 the parameters 
‹γS› ∈ [0, 10], ‹γC› ∈ [0, 10]; Bii =1, Bij =0.5, δ=0.1 and ds=0.1. We presented in many lines with 
different colors the movements of Seff in terms of interaction strength, we can see when h=0 (the 
blue line) and when h=0.1 (green line), the Seff decreases faster compare to the other lines, 
whenever h is rising the Seff slowly decrease. We increased the value Bij = 0.5 and we can see that mall 
change in ds and dc will greatly change our results, these values and h are affecting negatively the steady state, 
Seff and Ceff decrease to a negative values, we see the point where total collapse occur (a, b) where a ϵ [6, 8] and 
b ϵ [0, 1]. Here we took the churning rate non zero, which means that the growth rate will automatically 
decrease, not only dc and ds but also the interspecific competition, here it is equal to 0.5, this value is big while 
δij is too small which makes the collapse easier. In figure 3 we fixed for the left graph B11 = 1, h = 0,5; δ= 0:1, 
‹γS›=‹γC›= 1, ds=0 and r1 ϵ [-1;-0,3] . For the right graph we have fixed Bii = 1, h = 0.5, δ= 0:1, ‹γS›=‹γC›= 1, 
Bij = 0.3 and r1 ϵ [-0.2; 1]. In the interval [-1;-0,3] we have ∆ < 0, but in the interval [-0:2; 1] we have ∆> 0 In the 
two graphs we see that the number of suppliers is increasing whenever we’re rising the growth rate, from the 
figure we notice that Bij < Bi+1,j or ds,i<ds,i+1 we have (Seff)i < (Seff) i+1 (i=0,0.1,0.2,…,1) which affect negatively 
the growth of the number of suppliers. In figure 4 for the left graph we fixed λ = 0.1 ; ‹γS›=‹γC›= 1; h=0.7 and 
dc={0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}, while for right graph we fixed: ‹γS›=‹γC›= 1; dc=0 and 
h={0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9} In this figure we see the decreasing of Ceff even we are rising the growth 
rate cue to other internal or external factors and aslo the nature of discriminant. dc drive the system to collapse 
faster, while h is driving to the fast collapse if it is approaching to zero. Figure 3 shows the 4 solutions which are 
depending on: ∆s, ∆c, r1, µ1, Bij, h and ds, dc; here we have two increasing solutions and two decreasing ones, we 
note that Bij interact as the same way as ds. In figure 4 we concentrated on the consumers results, we have 2 
sgraphs depending on: ∆c, dc, µ1 and h. We can see the difference on the results when changing the values of dc, 
and h. In figure 5 we took on the x-abscissa ds and dc. we fixed µ1 = 0.15, λii = 1, λij = 0, l = 0.5, r1 = 0.7, l=0.5, 
Bii=1, Bij=0. and the solutions are decreasing faster when dc are increasing and h decreasing, these factors 
causing a faster collapse. In the 2nd graph, the solutions are decreasing then increasing these change is due to the 
big value of growth rate, here for h we have only three values, if h is less than 0.8 the discriminant is negative 
which lead to a complex solution which is physically unrealistic; if we read this graph conversely we see tipping 
points at ds ϵ [0.6, 1]. We summary in this figure that when the value of ds and dc are increasing from 0 to 1, Seff 

moves continuously (decreasing) in the negative side (for first graph in the left side), and moves continuously 
(decreasing then increasing) in the positive side (second graph in the left side), also Ceff moves continuously 
form positive side to negative side (the graph in the right side. We passed to a 3D plot in figure 6, it shows the 
effect of the interaction strength on the tipping point, and we can see the tipping point in each graph which is 
depending on the values of system’s parameters and the nature of the discriminant ∆s and ∆c. Some graphs are 
increasing some others are decreasing due to the nature of ∆s and ∆c. 

From results found in [4] we can conclude that if r1 > 0; µ1 > 0, and ds = 0; dc= 0 we have: q1 < 0, 
p1 < 0, q3 < 0, and p3 < 0 in this case we have two solutions (positive and negative solutions). In 
the case r1 < 0; µ1 < 0 and for ds = 0; dc= 0 we have: 
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( ) ( )
( )

1

1

2 1

0

8

1

i

i

eff

C

eff

eff C C

eff

C

S
C d

h S

γ
µ λ

γ
−

 =


  
  = − +

+   

 

In the case Seff = 0 and Ceff = 0, it corresponds to the churning state. 

In the case q2
2 − 4q1q3 < 0, and p2

2 − 4p1p3 < 0 the solution is complex, and physically it is unrealistic we 
consider it unrealistic in our research.  

In all these figures we use our framework to identify the changes in the parameter’s values and intervals that are 
associated with a collapse from a state of users subscriptions (i.e. Seff > 0, Ceff>0), to a state where all users will 
unsubscribe (i.e. Seff ≤ 0,Ceff ≤ 0). 

IV. CONCLUSION 

Platforms have become one of the most important business models of the 21st century, but many of them fail. 
Platforms are built on a variety of factors, but often fail because of the mismanagement of those factors .To 
understand why and how platforms fail, we tried to identify the key factors deriving platforms to collapse. From 
the figures we’ve made we general lessons about why platforms struggle. After analyzing our model we notice 
that platforms fail for these reasons: maximizing the churning rates (ds, dc), maximizing the intraspecific 
competition (Bij), maximizing the negative interactions (λij), and minimizing the half saturation (h), Since many 
things can go wrong in a platform. If a firm cannot stay competitive, no market position is safe. By identifying 
the sources of failure, managers can reduce the mistakes that lead to failure. 

V. SUPPLEMENTARY MATERIAL FOR: “Identifying key factors driving platform ecosystem to 

collapse”. 

1. INTRODUCTION 

There are several types of platforms such as Amazon, EBay, Google, Alibaba, Aliexpress, Taobao...etc; The 
notion of platform has been developed by management researchers in three different domain of research 
(product, technological system, and transactions)[1]. Platforms are often associated with the "network Effects": 
that is, the more users adopt the platform, the more valuable the platform becomes to the owner and users due to 
increasing access to the network of users and often to a growing set of complementary innovations In other 
words, there are more and more incentives to more companies and users to adopt the platform and join 
Ecosystem with the arrival of more users and add-ons [2]. 

2. DERIVATION OF THE 2D REDUCED MODEL 

First of all from eq.4, we can obtain the effective average number of suppliers and consumers and we can write: 

( )9i i effrS r S≈  

( ),1 , 10
i i i s

r r d= −  

( ) ( ) ( ),1 , 1 11
i i s i s eff

r d S r d S− = −  

And 

( )12i i effC Cµ µ≈  

( ) ( ),1 , 13
i i i c

dµ µ= −  

( ) ( ) ( ),1 , 1 14
i i c i c eff

d C d Cµ µ− ≈ −  

Here we define Seff and Ceff as the effective number of suppliers and consumers (respectively). 

Suppliers in different platforms and different commodities do not compete as those in same platform and same 
commodities, for that we can write: 

ii ijB B>> ; also we can generate it for those who interact positively within 

them if they are in same commodities or different, so the positive interaction in same commodities will be 
stronger than that on in different commodities, and same situation for consumers, then we can write: 

ii ijδ δ>> and 

ii ij
λ λ>> . In other side we can write: 
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( )
1

2

1

15
M

ij j i eff

j

B S S B S
=

≈∑  

And 

( )
1

2

1

16
M

ij j i eff

j

S S Sδ δ
=

≈∑  

And 

( )
2

2

1

17
M

ij j i eff

j

C C Cλ λ
=

≈∑  

To integrate interspecific interaction in our model, we write the interactions terms as follow: 

( )

1
1

1

1

1
2 21

1

1

18

1

M
M

M iji
i

ij j i eff effM
j

i

B

B S S S B S
=

=

=

=

≈ ≈
∑ ∑

∑
∑

 

And 

( )

1
1

1

1

1
2 21

1

1

19

1

M
M

M iji
i

ij j i eff effM
j

i

S S S S

δ
δ δ

=
=

=

=

≈ ≈
∑ ∑

∑
∑

 

And 

( )

2
2

2

2

1
2 21

1

1

20

1

M
M

M iji
i

ij j i eff effM
j

i

C C C C

λ
λ λ

=
=

=

=

≈ ≈
∑ ∑

∑
∑

 

Now for finding the effective interaction in the network of our model in both sides (suppliers side and consumers 
side), we start by calculating the strength of the mutualistic interaction for each group of suppliers and 
consumers as follows: 

( )
( )

2 2
10

0
1 1

21i

M M
S l

ij j ij j i effl
j j i

C C G C
G

γγ ε γ −

= =

≈ ≈∑ ∑  

And 

( )
( )

1 1
10

0
1 1

22i

M M
C l

ij j ij j i effl
j j i

S S Z S
Z

γγ ε γ −

= =

≈ ≈∑ ∑  

There are many ways and methods to get the average of the mutualistic strength, in this work we use the 
unweighted method and we find: 

( )

2

2

1
0

1

1

23

1

i

M
l

i
S i

ij M

i

Gγ
γ

−

=

=

=
∑

∑

 

And 

( )

1

1

1
0

1

1

24

1

i

M
l

i
C i
ij M

i

Zγ
γ

−

=

=

=
∑

∑

 

3. STEADY STATE SOLUTION 

To obtain the equilibrium point (steady state) solution of suppliers-consumers number from our reduced model is 

by solving two equations which are: 0
effdS

dt
= , and 0

effdC

dt
=  we have: 
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( )
( )

( ) ( )2 2
1 0 25

1

i

i

S

ij effeff

s eff eff eff effS

ij eff

CdS
r d S BS S S

dt h C

γ
δ

γ
= − − + + =

+
 

( )
( )

( ) ( )2
1 0 26

1

i

i

C

ij effeff

c eff eff effC

ij eff

SdC
d C C C

dt h S

γ
µ λ

γ
= − − + =

+
 

As we can define the Jacobian matrix related to the equilibrium point solution in the way: 

( )27
eff eff

eff eff

df df

dS dC
J

dg dg

dS dC

 
 
 =
 
 
 

 

( )
( )

( )

( ) ( ) ( )( )
( )( )

( ) ( ) ( )( )
( )( )

( )

( )

( )

1 2

12

2
1 1

28

2
11

i i ii

i
i

i i i i

i
i

S S SS
ij eff ij eff eff eff ijij eff

eff s S
S

ij eff
ij eff

C S C C
ij eff ij eff eff eff ij ij eff

eff c C
S

ij eff
ij eff

S h S C C hC
S B r d

h C h C

J

C h C S S h S
C d

h Sh C

γ γ γγ
δ

γ γ

γ γ γ γ
λ µ

γγ

  + −
  − + − + + + 
 =
  + −

  − + − +
 ++  

 

(0, 0) is one of the roots of this equation, the other root can be written as follows: 

( ) ( )
( )

( )

( )
( )

( )

( )
1

1

0
1

29

0
1

i

i

i

i

S

eff
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c eff C
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C
r d B S
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S
d C
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γ
δ
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γ
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 − + − + =
 +



− − + =
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We can write also: 

( ) ( )

( )
( )

1

1

1
1

1
30

1

i

i

i

i

S

eff

S S

eff

C

eff

C C

eff

C
r d B

h C

S
d

h S

γ
δ

γ

γ
µ λ

γ

−

−

 
 − + −
 +  

 
 − +

+  

 

We have r = r1-ds and µ = µ1-dc. Where r1 and µ1 are the suppliers’ and consumers’ subscription 
rates, while ds and dc are the suppliers’ and consumers’ churning rates. 

The solutions of Eq.4 can be conveniently expressed in terms of the following quadratic equation for (Seff) 
and (Ceff): 

( )
2

1 2 3

2
1 2 3

0
31

0
eff eff

eff eff

q S q S q

p C p C p

 + + =
 + + =

 

Where: 

( ) ( )2
1 1 3 2i i i i iC S C S C

q h h h rγ γ γ γ γ= − + +  

( ) ( ) ( )
( )

( )
2

1 1 1
2

2 2 2
1 1

2
33

i i i i i i

i i i i i i i

S C S C S C

S C C S C S C

s

B h r B h r B h rq

h r d h B h h r

δ δ γ δ γ γ γ γ γ

γ γ δ γ γ γ γ γ

− − − + − + +=
 + − − + + 

 

( ) ( ) ( )2
3 1 1 1 1 34i i iS S S

sq r B r h r d B h rδ γ γ δ γ = − + + − − + 
 

And  

( ) ( )2
1 1 3 5i i i i iS C S C S

p h h hγ γ γ µ γ γ= − + +  

( ) ( ) ( )
( )

( )
2

1 1 1
2

2 2 2
1 1

2
36

i i i i i i

i i i i i i i

S S C S C S

C S S C S C S

c

h h hp

h d h h h

λ µ λ γ µ λ γ γ γ µ γ γ

µ γ γ λ γ γ γ µ γ γ

− + + += −
 + − + + 
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( ) ( ) ( )2
3 1 1 1 1 37i i iC C C

cq h d hµ λ µ γ µ γ λ µ γ = + + − +   

To find the other roots we have to solve equation 31; we have: To find the other roots we have to solve 
equation 6; we have: ∆S = (q2)

2 − 4q1q3 and ∆C = (p2)
2 − 4p1p3;  

A. If ∆S > 0 and ∆C > 0 we have two solutions: 2
1

12
Sq

S
q

− − ∆
= ; 2

2

12
Sq

S
q

− + ∆
=  and 2

1

12
Cp

C
p

− − ∆
= ; 

2
2

12
Cp

C
p

− + ∆
= . 

B. If ∆S = 0 and ∆C = 0 we have a double solution: 2
1 2

12

q
S S

q

−= =  and 2
1 2

12

p
C C

p

−= = . 

C. If ∆S < 0 and ∆C < 0: In this case the solution will be complex and physically unrealistic in our work.  

D. If ∆S > 0 and ∆C = 0 we have: 2
1

12
Sq

S
q

− − ∆
= ; 2

2

12
Sq

S
q

− + ∆
=  and 2

1 2

12

p
C C

p

−= =  

E. If ∆S > 0 and ∆C < 0, we have: 2 2
1 2

1 1

;
2 2

S Sq q
S S

q q

− − ∆ − + ∆
= = , while C1 and C2 are complex. 

F. If ∆S = 0 and ∆C > 0 we have: 2
1 2

12

q
S S

q

−= =  and 2
1

12
Cp

C
p

− − ∆
= ; 2

2

12
Cp

C
p

− + ∆
= . 

G. If ∆S = 0 and ∆C < 0 we have: 2
1 2

12

q
S S

q

−= = , while C1 and C2 are complex. 

H. If ∆S < 0 and ∆C > 0 we have: S1 and S2 are complex, while 2
1

12
Cp

C
p

− − ∆
= ; 2

2

12
Cp

C
p

− + ∆
= . 

I. If ∆S < 0 and ∆C = 0 we have: S1 and S2 are complex, while 2
1 2

12

p
C C

p

−= = . 
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